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Fig. 7-16 (a) Simplified
vector model illustrating the
addition of orbital and spin
angular momenta. Case shown
is for! = 1 and s = .. There
are two possible values of the
quantum number for the total
angular momentum: j = | +
s=%andj=l—s=%.

(b) Vector addition of the
orbital and spin angular
momenta, also for the case
I'=1and s = }. According to
the uncertainty principle the
vectors can lie anywhere on
the cones, corresponding to
the definite values of their z
components. Note that there
are two ways of forming the
states with j = 2, m; = { and

P | 1
J=Enm =3

7-5 Total Angular Momentum and
the Spin-Orbit Effect

In general an electron in an atom has both orbital angular momentum charactg
by the quantum number 7 and spin angular momentum characterized by the qua
number 5. Analogous classical systems that have two kinds of angular momentud
Earth, which is spinning about its axis of rotation in addition to revolving aboul
sun, or a precessing gyroscope, which has angular momentum of precession in 4
tion to its spin. Classically the total angular momentum ‘

J=L+S§ 1.

is an important quantity because the resultant torque on a system equals the raj
change of the total angular momentum, and in the case of central forces, the )
angular momentum is conserved. For a classical system, the magnitude of the §
angular momentum J can have any value between L + S and IL — SI. We |
already seen that in quantum mechanics, angular momentum is more complic;
both L and § are quantized and their relative directions are restricted. The quant
mechanical rules for combining orbital and spin angular mementa or any two angj
momenta (such as for two particles) are somewhat difficult to derive, but they are]
difficult to understand, For the case of orbital and spin angular momenta, the ms
tude of the total angular momentum J is given by :

Wl =G+ Da 7
where the total angular momentum quantum number Jj can be either

j=i+s or j=|I—4 74
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fthe z component of J is given by
Jl = mJﬁ where m_i' = _j,—j + 1, PR ,j - l,j 7-55

= 0, the total angular momentum is simply the spin, and j = s.) Figure 7-16a is
phﬁed vector model illustrating the two possible combinations j =1+ 3 ;= 3
ti=1l—3=3 for the case of an electron with { = 1. The lengths of the vectors
» pomonal to [ + 12, [s(s + D]Y?, and [j(j + 1)]'. The spin and orbital
hlar momentum vectors are said to be “parallel” when j = ! + 5 and “antiparal-
 when j = I/ - 5. A quantum-mechanically more accurate vector addition is
pn in Figure 7-165. The quantum number m; can take on 2j + 1 possible values
bteger steps between —j and +j, as indicated by Equation 7-55. Equation 7-35
implies that m; = m; + m,, since J, = L, + §..

Equation 7-54 is a special case of a more general rule for combmmg two angular
nenta which is useful when dealing with more than one particle. For example,
» are two electrons in the helium atom, each with spin, orbital, and total angular
pentum. The general rule is: '

Lif 3, is one angular momentum (orbital, spin, or a combination) and b, is
ganother, the resulting total angular momentum 1 =1J, + }, has the value
JLi(j + 1)]'7# for its magnitude, where j can be any of the values

fitbuh =1 h
J=0
XAMPLE 7-2 Addition of Angular Momenta I Two electrons each have zero L' =0 c .= ’l},
Jbital angular momentum. What are the possible quantum numbers for the total
pgular momentum of the two-electron system? Ly @ s = A
- = L ]

plution

j this case j, = j, =3 The general rule then gives two possible results, j = 1 and
= 0. These combmauons are commonly called parallel and antiparallel,
bspectively.

XAMPLE 7-3 Addition of Angular Momenta II An electron in an atom has
bital angular momentum L, with quantum number /, = 2 and a second electron
s orbital angular momentum L, with quantum number £, = 3. What are the pos-
_' le quantum numbers for the total orbital angular momentum L = L, + L,?

plution
ace /, + I, = 5and |, — I, | = 1, the possible values of / are 5, 4, 3, 2, and 1.

oscopic Notation

froscopic notation, a kind of shorthand developed in the early days of spec-
Iy y to condense information and simplify the description of transitions between
g, has since been adopted for general use in atomic, molecular, nuclear, and
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Fig. 7-17 (a) An electron
moving about a proton with
angular momentum L up.

(b) The magnetic field B seen
by the electron due to the
apparent (relative) motion of
the proton is also up. When
the electron spin is parallel
to L, the magnetic moment is
antiparallel to L and B, so
the spin-orbit energy has its
largest value,

particle physics. The notation code appears to be arbitrary,!! but it is easy to'}
and, as you will discover, convenient to use. For single electrons we have:
o1l .
1. For single-electron states the letter dode s pd fg h . . . is used in one-to-of
correspondence with the values of the orbital angular momentum quani
number [: 012345, . . . For example, an electron with / = 2 is said to§

in a d state. N | ’Vb

2. The single-electron (Bohr) encrgy levels are called shells, labeled K I M
O . . . in one-to-one correspondence with the values of the principal quai
tum number n: 1 234 5. . . . For example, an electron with » = 3 in 4
atom is said to be in the M shell. (This notation is less commonly used.)

For atomic states that may contain one or more particles the notation includes
principal quantum number and the angular momenta guantum numbers. The
orbital angular momentum quantum number is denoted by a capital letter in the §
sequence as in rule 1 above, ie., SPD F. . . correspond to / values 0 12 3 .
The value of n is written as a prefix and the value of the total angular momex
quantum number j by a subscript. The magnitude of the total spin quantum num8

appears as a left superscript in the form 2s + 1.12 Thus, a state with{ = 1, a P _
would be written as - '

n2.:+le 6//\,1
For example, the ground state of hydrogen is written 125,,,, read “one doubld
one-half” The »n = 2 state can have I = Q or I = 1, so0 the spectroscopic nota
for these states is 2%S,,, 22P;;, and 2?P,,,. (The principal quantum number }
spin superscript are sometimes not included if they are not needed in sped
situations.)

Spin-Orbit Coupling —> 2] Our Irng

Atomic states with the same » and ! values but different j values have slightly
ferent energies because of the interaction of the spin of the electron with its orf ‘
motion. This effect is called the spin-orbit effect. The resulting splitting of §
spectral lines such as the one that results from the splitting of the 2P level in §
transition 2P — 1§ in hydrogen is called fine- structure splittifigs\We can undg
stand the spin-orbit effect gualitatively odel picture, |
shown in Figure 7-17. In this picture, the electron moves in a circular orbit
speed v around a fixed proton. In the figure, the orbital angular momentum L is g
In the frame of reference of the electron, the proton moves in a circle around
thus constituting a circular loop current which produces a magnetic field B at ¢
position of the electron, The direction of B is also up, parallel to L. The potent

energy of a magnetic moment in a magnetic field depends on its orientation and
given by:

U= —MaB= _""zB 7- a
The potential energy is lowest when the magnetic moment is parallel to B and highey

when it is antiparallel. Since the magnetic moment of the electron is directed opposf
to its spin (because the electron has a negative charge), the spin-orbit energy is highd
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b-18 Fine-structure energy-level diagram. On the left, the levels in the absence of a mag-
field are shown. The effect of the magnetic field due to the relative motion of the nucleus
wn on the right. Because of the spin-orbit interaction, the magnetic field splits the 2P
into two energy levels, with the j = 1 level having slightly greater energy than the j = 3

f The spectral line due to the transition 2P — 1S is therefore split into two lines of slightly

jent wavelengths.

b the spin is parallel to B and thus to L. The energy of the 2P, state in hydrogen,
hich L and S are parallel, is therefore slightly higher than the 2Py, state, in which
3§ are antiparallel (Figure 7-18)."* The measured splitting is about 4.5 X 1075 eV
he 2P, and 2P, levels in hydrogen. For other atoms, the fine-structure splitting is
j than this. For example, for sodium it is about 2 X 1073 eV, as will be discussed
jetion 7-7.

PLE 7-4 Fine-Structure Splitting The fine-structure splitting of the 2P, and
P, levels in hydrogen is 4.5 X 105 eV, From this, estimate the magnetic field that
2p electron in hydrogen experiences. Assume B is paralle] to the 2 axis.

folution

1. The energy of the 2p electrons is shifted in the presence of a magnetic field
. by an amount given by Equation 7-56:

U=—-p-B=—pB

U is positive or negative depending on the relative orientation of p and B,
so the total energy difference AE between the two levels is:

AE = 2U =2pB
Since the magnetic moment of the electron is pg, p; = Jhp and:

317




G A5~ Gm- 6T Gy

| Gt e Aotet agut m%@ J-Sit fi |

‘LMW wite, &'ﬂm } /_#M‘) %///’// -
Gl k).

W Qe cilenite boo dhe G ad L add Fs Fur

Clebseh - Codas _oseflzeinb . I }

Ciow,  jrud yu> U/ wo feetr!

/JZ,W‘,S,M;(J‘MJ? 2 3> 7

L E -
<)o L i) (-5 !
<10 571 J2 % 12 3>
2075 S ) | 5-3> |
<114 L)

oo uulppalons ave_alredy @awm Vo o
JLLJ;M,L@L;,,MD = Je ljowy P wn> - Cj Qn)p >

= Jz‘hh{ > @ 'hv w2 * >@Jzz,ll“ﬁ>

W

M, t lhual @ﬂz WMap 7 |1 >k, ﬁl,;&;)

@Llibml@%ﬂi———

%0 e W \lLV"j \Uf’ V_oam QIW J?||m7 "“tll"">
Sﬁ‘ [ > (Com w&& LQ o biwesr M}MM:{ WO(MC\' W i

WA ‘M‘.f M?,;M'\‘




St A (yw >> 1230  wrurw, =% F

- 1 :
R - 11 N M A

Sy (;3,)‘ 1K 2 1>

. e

Owa}? on bﬂﬁr S\o% wikn ] jL AZL e

(_42220) I, | fua2 = fiii )Q)iw+;)Jd4ng> ,,,,,,,,,,,

P73

g L W) m_fdﬁm)

T zavewleeara) [210-d5 6 (2 1>

o S e Y

. “; :[ |lt>©2l21> _lll>©jz, ,_-,,

5hi(‘l+f)(f M) \0>@ L1¢2 "i>®‘{(b )(‘k 3"’)j ‘

L PR VENT - TER S 23 TANP 1N B S At

"Bﬁ-iz'z"%> =tz lre, Y 5> <t L -4






