CALCULATED FICTION

MATH WORKSHOP 7

November 6, 2007

Work on this workshop in groups of 3 or 4.

PART 0: A LITTLE BIT OF LECTURE



Gather 'round, children.

PART I: GOING OVER THE HOMEWORK




People are starting to talk...

PART II: INFINITE AND UNFORESEEN

ACTIVITY


1.
Do the Excursion on pages 105-106 of ME.

We've seen how to determine when two sets are the same size – or, as ME calls it, equivalent: we ask if there's any way to make a 1-to-1 correspondence between them.  If yes, then they're equivalent.  

Recall that n(S) is the cardinality of the set S, which is the number of elements in S.  From the book we know that 
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(Here Irr refers to the set of irrational numbers.  Note also that ME uses I for the set of integers, while I use the more standard Z.  You may use whichever you like.)

If we believe that it makes sense to talk about n(S) for any set S, including all of the infinite ones, then we have the following for any sets A and B:

n(A) = n(B)   iff   A and B are equivalent.

And that means

n(A) = n(B)   iff   there exists a 1-to-1 correspondence between A and B.

Sometimes 1-to-1 correspondences are either hard to find or annoying to write down.  In those cases, we can often show n(A) ( n(B) more simply:

n(A) ( n(B)   iff   there is a 1-to-1 map of A into B.

That is, n(A) ( n(B) iff there is a way of matching up elements of A with elements of B that uses every element of A (but may leave some elements of B unmatched).  

As a simple application of this definition, consider sets A and B such that A ( B.  Then if we use the 1-to-1 map of A into B that matches each thing in A with itself, we see directly that n(A) ( n(B).  We call this matching the identity map.


ACTIVITY


2.
Think of an example of sets A and B such that A ( B.  (Don't choose an example where A is the empty set.)  Draw sets A and B separately and indicate the identity map as a function from A to B.  


3.
As you did in the Excursion, use sets to show that 
[image: image3.wmf]0

0

0

À

£

À

×

À

.  Now modify your solution to use sets to show that 
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.  What did you have to add to the first solution to get the second one?

Now suppose that we have some sets A and B.  It makes sense that either n(A) = n(B) or one of A and B is bigger than the other, right?  Surprisingly, this does not follow automatically; our intuition and experience suggest to us that it should be true, but to conclude in general that one of n(A) < n(B), n(A) = n(B), and n(A) > n(B) is true – that either they're the same size or one of them is bigger – requires an additional assumption, the Axiom of Choice.  

There are many equivalent formulations of the Axiom of Choice; most of them are a bit technical.  The least technical formulation is Cardinal Comparability, which says exactly the above: that for any two sets A and B, exactly one of n(A) < n(B), n(A) = n(B), & n(A) > n(B) is true.  

The Axiom of Choice is a weird dude.  

· If we accept the Axiom of Choice, then it follows that it's possible to divide a ball the size of the sun into finitely many pieces and rearrange those pieces to get a ball the size of a pea (or any other size we choose).  We couldn't physically do this, of course; the pieces defined in the construction are sets with complicated mathematical definitions.  Nonetheless, using Choice this construction is mathematically possible.

· As another example, Choice implies that it's possible to divide a ball into 5 pieces and rearrange those pieces to get two balls identical to the original one.

· Yet if we deny the Axiom of Choice, then it's possible to construct sets A and B such that neither n(A) ( n(B) nor n(B) ( n(A) – that is, such that n(A) and n(B) are incomparable.  So without Choice there can be two sets neither of which is bigger than the other one.


ACTIVITY


4.
Discuss which of these weirdnesses seems worse.  They all run counter to our intuitions – so which runs against our intuitions the hardest?  As a group, try to reach consensus about whether we should accept or deny the Axiom of Choice.  If you can't reach consensus, take a vote.  Jot down the key points of your discussion.


5.
Discuss what it means that these problems come up so quickly in our formulation of Set Theory.  Is this branch of mathematics fatally flawed?  Does this tell us something about the deep structure of the universe?  What's going on here?  (Don't use the "there must be a mistake somewhere in there" argument.  Assume that all of the aforementioned results are true; they really are.  I'd bet my pinky on it.)  Jot down the key points of your discussion.

PART III: THE RESEARCH NARRATIVE (12:15)
At 12:15, we'll talk a bit about the research narrative as a big group.  

After that, do the following with your group:

1. Read once again through the handout describing the Research Narrative, noting what the narrative should include and what you're asked to do to prepare it.

2. As a group, come up with an effective outline for the Research Narrative.  Make it an outline that anyone could use for their Research Narrative regardless of their topic.  Make it an outline that you'll actually find useful as you prepare your own Research Narrative.  

3. Develop a list of questions to ask yourselves & each other to help round out your thinking about your research topic.  

4. Write your group's outline and list of questions on the chalkboard.  Read the other groups' outlines and questions; feel free to modify your own if you see ideas that you like.

5. Take turns explaining your math topics to each other.  

When you're explaining your idea, structure your ideas according to the outline your group developed.  Explain as clearly as you can; regard this as practice for writing up the Research Narrative that you're going to turn in.

When someone else is explaining their idea, challenge them to explain their idea clearly and in a way that you can understand.  Ask them the questions you developed.  Do your best to suggest productive avenues for further investigation; tell them what information they're missing.

THE WRITE-UP

No write-up is due for this week, but please remember that your Research Narrative is due tomorrow (Wednesday) at 5pm.
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