stewart 8.2, 8.3

1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers.

9.

1.

16.

21.

25.

(b) A semnes 1s convergent if the sequence of partial sums 1s a convergent sequence. A series 1s divergent 1f 1t 1s not convergent.

10
s a

Sn
0.44721
1.15432
1.98637 (5} -
2 88080 ] L
3 80927 - © {a)
4.75796 0\-5".'7':':,11
5.71948

. = 1 . ; ;
2222:? The series glﬁdmerges, since its terms do not approach 0.
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EP so the sequence {a,, } is convergent by (8.1.1).

(a) llm anp = lim
(b) Since JLn:c an = = # 0, the series 2—:1 i, 15 divergent by the Test for Divergence.
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% 1 --- 1sa geometric series with ratio r = —Z_ Since |r| = 3 > 1, the series diverges.
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E g}“ - =HE=: —o)— =1[]“E=:1 (—12)"" . The latter series is geometric with o = 10 and ratio r = —12.

n=1

Since |r| = 4 > 1, the series diverges.
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3 k”k T diverges by the Test for Divergence since Jclim ap = lim
—3 —_ —3
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n =
i V2 =2+2+ ¥2+ 2+ --- diverges by the Test for Divergence since
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) i (3 )dwergesbecausez ——22 {hverges (Ifltto11ve-1‘getil,tllenl 22 wouldalsoconvergeby

n=1 1

Theorem 8(1), but we know from Example 7 that the harmonic series 3 1 diverges.) If the given series converges, then the
n=1T1

d]ﬂ'ereucez (3 2)— Zimustconvm‘ge(smcez—15aconvm‘gentgeomeh1csmes]andequalz , but

n=1 n n=1 o7 n=1T

we have just seen that Z dwerges so the given series must also diverge.
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31. Using partial fractions, the partial sums of the series >
n=—2
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This sum is a telescoping series and s,, = 1—|—§ -
n—
Thus 3 li 1 14+ 1 1
’“zz:znz_ T nmoe " nmoo n—1 =n

47. Forn=1,a; =0sinces; =0 Forn > 1,
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Qn = 8n — Sn—-1 =

n+l (n—1)+1

o 1-1/
Also, 3 an = lim sp = lim m_q

n—=1l T— D0 n—0o0 1 =+ ]f.l’rﬂ,
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59. Thesertes ] —1+1—1+4+1—1+4--- diverges (geometric series with » = —1) so we cannot say that

0=1-1+4+1—-1+1—-1+---.

61. Suppose on the contrary that > (a, + b.) converges. Then > "(an + bn) and 3" a,, are convergent series. So by

Theorem 8(iii), 5~ [(an + bn) — an] would also be convergent. But 3~ [(an + bn) — an] = 3 bx, a contradiction, since

3" bn 1s given to be divergent.

2. From the first fipure, we see that ¥ ¥ = fix)

b
ff f(z)dx < ¥ a;. From the second figure,
i=1

[
we see that 3 as < [ F(x) dz. Thus, we
i=2 a,

ay

iy

ay

as

y = fix)

L] 5
have 3 a; < [7 f(z)dz < ¥ a:
i=2 i=1

3. (a) We cannot say anything about 3" an. If an > bn forall n and > b» 1s convergent, then 3 a» could be convergent or

divergent. (See the note after Example 2.)

(b) If @, < by, for all n, then 3 a,, is convergent. [This is part (i) of the Comparison Test ]
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5.

7.

13.

16.

20.

5 n®i1sap-seres withp = —b. 3 4" is a geometric series. By (1), the p-series 1s convergent if p > 1. In this case,

n=1 =1

Son®=3(1/n"),s0—b>1 & b < —1 are the values for which the series converge. A geometric series
n=1

n=1

3 ar™ ! converges if |r| < lsoEb“mnverges1f|b| e —l<b<l

n=1
The function f(z) = 1/v/z = =~ /® is continuous, positive, and decreasing on [1, oc), so the Integral Test applies.

- i oo
I x~1/8 d.r=t1_i‘rgo‘f; 7% dz = lim [334’{5]1 = lim ( e Z) = oq, Snnz_:l 1/ +/n diverges.

t—oo t— oo

n’® 1 =,
> —=—foralln >2,s0} d.wergesbycnnq}ansnumih E —, which diverges because it 15 a p-series

nt—1 n n oo T a—a T

with p = 1 < 1 (the harmonic series).

1 1 1 1

1+§+§+E+E+ _nz—:ln . This 1s a p-senies with p = 3 > 1, so it converges by (1).
z? x(2 — %)
flz)= is continuous and positive on [2, oo), and also decreasing since f'(x) = < 0forx = 2,

2 +1 (% +1)
so we can use the Intepral Test [note that f is not decreasing on [1, oo))].
2

F+1

=] 2
]; — de = lim [$In(z® +1)]; = 1 Jim [In(£* + 1) — In9] = oo, so the series E

pc diverges, and so does

'.!

the given series, Z_: =1

nt—1 n? - n?

1
n* +1 = Int+1 {L3n“ T 3n

n® —1 _ L= _ »
Fray converges by comparison with 3 F,wmr:h converges because 1t 1s
n=1 231

l o
= 23
a constant multiple of a convergent p-series [p = 2 > 1]. The terms of the given series are positive for n > 1, which is good
enough

. Use the Limit Comparison Test with a,, = sm( ) and b, = — TheuZan and ¥ b,, are series with positive terms and
i

n . in(1/ . sin# - = . : .
lim == = lim —Sm(x. /n) = ém}_' —Su.; =1 > 0. Since 3 by 1s the divergent harmonic series,
n—oo Dy n—00 /n — n—=1
3" sin(1/n) also diverges. [Note that we could also use I'Hospital’s Rule to evaluate the linut:
n=1

in(1/ 1/z)- (—1/a7 1
lim Mg lim cos(l/z) ( /% ] = lim cos— =cos0=1]
T—o0 ]_f.l':;t: T—00 —]_f:rz ] x
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42. First we observe that, by I'Hospital’s Rule, ]inf:] M = lin?] = 1. Also, if } " a,, converges, then lim a, = 0 by
& — x r— xr TL— 0
In(1 In(1 i i
Theorem 8.2 6. Therefore, lim In(l+an) _ lim In(l+z) _ 1 > 0. We are given that 3" a,, is convergent and a,, > 0.
TL— OO Iy B — x

Thus, 3" In(1 + ax) is convergent by the Limit Comparison Test.
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