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Sec. 3.4: The Uncertainty Principle 109

where | f) = (2 — (A)|¥). Likewise, for any other observable B,
| o5 = (glg), where [g) = (B — (B)|W).
Therefore (invoking the Schwarz inequality, Equation 3.27),

oi0h = (fINelg) = 1(flgP [3.135]

Now, for any complex number z,
21> = Re(2))? + (Im(2))? > (Im(2))? = [%(z -z [3.136]

Therefore, letting z = ( f)g),

2 .
4 Cri%_(—[(flg (glf)]>. [3.137]
But
(f18) = (4 — (ANVI(B — (B)W) = (W|(d — (4))(B — (B)W)
= (V[(AB — A(B) — B(4) + (4)(B))W)
= (V| 4BW) — (B)(U|AV) — (4)(V|BY) + (4)(B)(¥]¥)
= (AB) — (B)(4) — (4)(B) + (4)(B)
= (4B) — (4)(B)
Similarly, o
(glf) (BA) — (A)(B),
SO . R o
(f18) — (gl f) = (AB) — (BA) = ([4, B)),
where

[4, B)= AB - BA [3.138]

is the commutator of the two operators. Conclusion:

2
ook > (—([A B])) [3.139]




This is the uncertainty principle in its most general form. (You might think the i
makes it trivial—isn’t the right side negative? No, for the commutator carries its own
factor of 7, and the two cancel out.)

For example, suppose the first observable is position (4 = x), and the second
is momentum (B = (/i)d/dx). To determine the commutator, we use an arbitrary
“test function”, f(x):

. hd hod Rl df df g
@) =27 (N = =) == [x== = (F+x5D) [ =,
[, A1) = x5 () = T =) = [x e U )] inJ,

SO

[%, p] = ih. [3.140]

1.\ (n\?
252 T = —
050, > (Zilh) (2) ,

or, since standard deviations are by their nature positive,

Accordingly,

B
005 2 3. [3.141]

That proves the original Heisenberg uncertainty principle, but we now see that
it is just one application of a far more general theorem: There will be an “uncertainty
principle” for any pair of observables.whose corresponding operators do not com-
mute. We call them incompatible observables. Evidently, incompatible observables
do not have shared eigenvectors—at léast, they cannot have a complete set of common
eigenvectors. Matrices representing incompatible observables cannot be simultane-
ously diagonalized (that is, they cannot both be brought to diagonal form by the
same similarity transformation). On the other hand, compatible observables (whose
operators do commute) share a complete set of eigenvectors, and the corresponding
matrices can be simultaneously diagonalized (see Problem 3.40).




