7.1 SOLUTIONS

CHAPTER SEVEN
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Solutions for Section 7.1

Exercises

1 (@) A sin(z” + 1) =2z cos(z” + 1); é% sin(x3 4+ 1) = 32% cos(z® + 1)
(b) (i) isin(z*+1)+C (i) %sin(z®+1)+C
(© () —3cos(z®>+1)+C (i) —3 cos(z® +1) + C

2. (@) Wesubstitutew = 1 + z2, dw = 2z dx.

r=1 w=2
1 1 1 1
/ a:,)da::—/ —dw=zln|w|| ==h2
=0 1422 2 w1 W 2 L 2
(b) We substitute w = cos z, dw = — sin z dz.

z:% . w=ﬁ/2 1
/ sin x do — _/ 1w

sp COST wel w

V2/2
= —In |w| _—lnﬁzlln2

3. We use the substitution w = 3z, dw = 3 dx.
3z _1 w _1 w _1 3z
/e d:z:—3/e dw—3e +C—3e + C.

Check: %(%e‘” +0C) = §e3’”(3) = e3®,
4. We use the substitution w = —0.2¢, dw = —0.2 dt.

/256_0'2tdt = % eVdw = —125e* + C = —125e~ %% 4 (.

Check: £ (—125e~ %" + C) = —125¢~*%(—0.2) = 25¢>*".
5. We use the substitution w = 2z, dw = 2 dz.

/sin(Zx)dx = % /sin(w)dw = —% cos(w) + C = —% cos(2z) + C.

Check: L (-3 cos(2z) + C) = % sin(2z)(2) = sin(2z).
6. We use the substitution w = 2, dw = 2t dt.

/tcos(tQ)dt = % /cos(w)dw = %sin(w) +C= %sin(tQ) +C.

Check: £ (£ sin(t?) + C) = £ cos(t?)(2t) = tcos(t?).
7. We usethe substitution w = y? + 5, dw = 2y dy.

1 .
[ sy an= [+
1 s, 1w’
—2/11) dw—2 9 +C
e
18" '

Check: 7= (75(y* +5)° + C) = 5[9(y” +5)°(2y)] = y(y* +5)".
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14.

15.
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We use the substitution w = ¢* — 3, dw = 3t dt.

Check: L[ L (t° —3)'" + C] = L(t* — 3)'°(3t*) = t*(¢* — 3)™°.

. Inthiscase, |t seems easier not to substitute.

/y2(1+y)2dy=/yz(y2+2y+1)dy=/(y4+2y3+y2)dy
Yy
5

Check: - y—5+y—4+£+0 =y' +2y° +y’ =y (y+1)°
"dy\5 2 '3 ‘

We use the substitution w = 1 + 223, dw = 62 dx.

2 32 g 21 _Lw L
/m(1+21‘)dm—/w(ﬁdw)—6(3)+0 18(1+2m)+0.

Check: i [118 118 3(1 + 20%)%(62%)] = 2>(1 + 22°)°.

We usethesubstltution w=z?—4, dw =2z dz.

(1+2z°)° +C’]

/m(m2—4)%dx:%/m —4%2xdx):%/w%dw
Z%(%w% +C:%(a:2—4)%+0
AL g8 _192_1]_2_1
Check: =[5 (a* = 98 + 0] = 5 [2° - 9] 20 = 2" - )

We use the substitution w = 2 + 3, dw = 2z dz.
/a:(a:2+3)2dx = /wz(%dw) = %w? +C = é(x2+3)3+0.

Check: % [%(ﬁ +3)% + c] - % [3(z2 +3)%(20)] = (2 +3)".

We use the substitution w = 4 — z, dw = —d

.
- de=—2ﬂ+02—2\/4—x+0.
Vw

/;dm—
vd—zx B
Check: - (~2VT= 7 +0) = =2 1+ e —l= L
2 4—x 4—x
We use the substitution w = y + 5, dw = dy, to get
/ﬂ: W | +C =Inly +5] + C.
y+5 w
Check: - (Iny + 5+ C) = ——
" dy Y T y+5

We use the substitution w = 2t — 7, dw = 2 dt.

73 5,1 73, 1 74 _ 1 7
/(2t 7) dt—2/w dw—(z)(74)w +C—148(2t 7)
74
148

1

R — 2t -1"2)=2t-7)"

d
Check.%[ (2t —7)7 +C]

+C.
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In this case, it seems easier not to substitute.

5
/(x2+3)2dx:/($4+6x2+9)dx:%+2x3+9x+0.

dx
We use the substitution w = cos § + 5, dw = — sin 6 df.

5
Check: -1 {%+2x3+9x+0} =z' +62° +9 = (2 + 3)°.

/sin9(cos€+5)7d9:—/w7dw:—%w8+0
1 8
= —g(c059+5) +C.
Check:
d 1 8 1 7 .
— [—g(c059+5) —{—C} = —§-8(c089—+—5) - (—sin@)

de
=sinf(cosf + 5)"

We use the substitution w = cos 3t, dw = —3 sin 3t dt.

/\/cos?;tsin?;tdt:—%/\/ﬁdw

1 2 3 2 3
= —— . — 2 = — P )
3 3V +C 9(cosSt) +C

Check:
% [—%(cos?;t)% + C] = —% : g(COS?’t)% - (—sin3t) -3
= v/ cos 3t sin 3t.

We use the substitution w = —z2, dw = —2z dx.

2 1 .2 1
/xe “ dm:—a/e * (—Zxdm)z—g/ewdw

1 1
= —Eew +C = —567$2 + C

Check: %(—%E_Iz +C) = (—Zx)(—%e_zz) =z~

We use the substitution w = sin 6, dw = cos 8 db.

7 .7
/sin69c059d9:/w6dw:w7+02Sln 9_’_0.

7

~d [sin"8
Check: 7 { -

We use the substitution w = z® + 1, dw = 322 dz, to get

1 1 1
/x2e$3+1 dr = 3 /e"’ dw = ge"’ +C = §e$3+1 +C.

+ C} = sin® § cos 6.

Check: % (%ex3+l + C) = %ex3+l .3z% = e+
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22. We use the substitution w = sin 50, dw = 5 cos 560 d6.
int Y O UL LA
/sm 56 cos 50 df = 5 /w dw = 5( - )+ C = 35 Sit 50+ C.
) d 1 . 7 1 .6 .. 6
Check: — (= sin’ 56 + C) = ——[7sin’ 50](5 cos 58) = sin” 56 cos 5.
Note that we could also use Problem 20 to solve this problem, substituting w = 56 and dw = 5 d6 to get:

/sin6 56 cos 50 df = % / sin® w cos w dw

_l(sin7w
57

R S
)+C—35sm 50 + C.

23. We use the substitution w = sin a, dw = cos a da.

4 . 4
/sin?’acosada:/w?’dw:wj-f-C: sm4a+0.

4
24. We use the substitution w = cos 2z, dw = —2 sin 2z dzx.

i 1 d
tan 2z dr = wdmz—— @
cos 2z 2 w

:_%1n|w|+cz—%ln|cos2m|+0.

.4
1
Check: di (Sm @ +C’> = Z~4sin3a~cosa =sin® o cos ..
o

Check:
d 1 1 1
— |—=1 2 - .~ . _9gin?2
dx[ 5 n | cos a:|+C’] 5" o5 9a sin 2x
sin 2x
= tan 2z
cos 2x

25. We use the substitution w = In z,dw = 1 dz.

2 3 3
/(lnz) dzz/wzdw:w?—l—cz(lnz) +C.

z

dz 3 3 z z
26. We usethe substitution w = ef + ¢, dw = (et + 1) dt.

t
/e +1dt:/%dwzln|w|+C=ln|et+t|+C’.

Check: -1 [(lnz)3 +O] =3 l(lnz)2 1 (lnz)Q.

et +t
el +1
et +t°
27. We use the substitution w = 32 + 4, dw = 2y dy.

Check: %(met it +0) =

1 d 1 1
/y}de:5 §=51n|w|+c=§1n(y2+4)+c.

(We can drop the absolute value signssince > + 4 > 0 for all 3.)
1 1 y

.dl 2 _1
Check: - [Zln(y +4)+C] =3
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We use the substitution w = v/z, dw = ﬁ dz.

/Cosﬁdx:/cosw(Zdw)ZZSinw—f-C:Zsin\/E—f-C.

Vv
Check: %(QSinﬁ—F C) =2cosx (ﬁ) = CO\S/;_:/E.
- 1
We use the substitution w = /y, dw = —— dy.
v N
NG
6—dy=2/6“’du)=26w+0=26ﬂ+0.
VY
VI
Check: i(Zeﬁ—f-C) =2eVV. SN e
dy 2Vy VY

We use the substitution w = = + €”, dw = (1 + €”) da.

1+e” dw
L _de= [ ZZ=2w+C=2Vz+e +C.
Vite T m AT rren
Check: L(ovzFer+0) =2 Lwt+e) b (146%) = LE
“dx ) Nz

We use the substitution w = 2 + €*, dw = e® dx.

e” dw "
/2+6zdx—/?—ln|w|—+—C—ln(2+e )+ C.

(We can drop the absolute value signssince 2 + ¢ > 0 for all z.)

d 1 e
heck: —[In(2 + €” = et = .
Chedl dx[n( +e*)+ (] PP e e

We use the substitution w = z? + 2z + 19, dw = 2(z + 1)dx.

22 +20+19 2
(We can drop the absolute value signs, since z 4 2z + 19 = (¢ +1)? + 18 > 0 for dl =)

11, 1 1 r+1
heck: ——[=1 Y419 = s (g4 = 2T
Check: Zplg (@™ + 2o+ 1) = 5 s 10 ®* 2 = mior 119

We use the substitution w = 1 + 3t2, dw = 6¢ dt.

1 .
/M 1 %U:%ln|w|+0=%ln(x2+2x+19)+0.

t 11 _1 _1 2
/ dt—/w(de)—61n|w|+0—61n(1+3t)+C.

14 3¢t2
(We can drop the absolute value signssince 1 + 3t > 0 for al t).
Ld il 5 101 ot
Check: = [61n(1+3t )+0] = s 17500 = o3

We use the subgtitution w = e + e™7, dw = (e” — e~ ") dz.

/ldx:/d?w:ln|w|+0=ln(em+67m)+C.

et +e~"
(We can drop the absolute value signssince e® + e~ > 0 for al z).
d - -
heck: —[In(e” ’ =———(e" —e™").
Check: - [ln(e” +¢7*) + 0] = ———— (" —¢™)
It seems easier not to substitute.

/(t+1)2dt:/(t2+2t+1)dt

t2 t2

2 1 1
= 1+=+ =) dt=t+2Inl|t|— = +C.
/(+t+t2) + oMt - 1+

4

2 1 (t+1)?
dt '

1
Check: (t+2ln|t|—?+0):1+z+t—2= P
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36. We use the substitution w = sin(x2), dw = 2z cos(z?) dz.

/ x cos(z /w b gwe |
CheCk - \/SlIlT-i-C [cos(xZ)]2m = M.

2 sm(xz) sin(z?)

ml»—A
~

+C = /sin(z?) + C.

37. Sinced(sinh z)/dx = cosh z, we have
/cosha:da: =sinhz + C.

38. Sinced(cosh 3t)/dt = 3sinh 3t, we have

/sinh 3tdt = % cosh 3t + C.

39. Sinced(cosh z)/dz = sinh z, the chain rule shows that

% (6cosh Z) — (sinh Z)eCOSh z

Thus,
/(sinh z)eCOSh dy =M 4 .

40. Sinced(sinh(2w + 1)) /dw = 2 cosh(2w + 1), we have

/cosh(Zw +1)dw = % sinh(2w + 1) + C.

41. Thegenera antiderivativeis [ (rt* + 4t) dt = (w/4)t* + 2¢> + C.
42. Make the substitution w = 3z, dw = 3 dz. We have

1 1 1
sin 3x dx = 3 /sinwdw = 5(—cosw) +C= —3 cos 3z + C.
43. Make the substitution w = 22, dw = 2z dx. We have

2z cos(z?) dz = /coswdw =sinw+C =sinz’ + C.

. Make the substitution w = ¢*, dw = 3t* dt. The general antiderivativeis [ 12¢ cos(t*) dt = 4sin(t*) + C.
. Make the substitution w = 2 — 5z, then dw = —5dz. We have
/sin(2 —br)dr = /sinw (—%) dw = —%(—cosw) +C = %COS(Z —b5z)+ C.

46. Make the substitution w = sin z, dw = cos z dz. We have

& R

sinx

e cosxdmz/ewdw:@w+C:65inw+c'

47. Make the substitution w = z2 + 1, dw = 2z dz. We have

T 1 [dw 1 1 2
(Noticethat sincez®> +1 > 0, |z + 1| = 2% + 1.)

48. Make the substitution w = 2z, then dw = 2dz. We have

1 1 1 1
/3cos2 2z dr = 5/cos2w (5) dw

1 1 1 1
= g/coszwdwzgtanw+C=gtan2x+C.
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/ cos(z + ) dx = sin(z + 7r)|;r =sin(27) —sin(r) =0—-0=10
0

We substitute w = wz. Then dw = 7 dx.

= w=m/2 1 1 /2 1
/ cosmrdr = / cosw(—dw) = —(sin w) =—
- w ™ ™ w

=

=0 0
w/2 /2 1
) / e~ cos @ sin@do = e~ cos 6 — e~ cos(m/2) _ e~ cos(0) -1 =
0 o e
2 2
2 2 2 2
/291:6’” dr=¢e"| =¢” —e' =e'—e=e(e®—1)
1 1
We substitute w = /z = 2% . Then dw = lgf% dr = L dz
' 3 3Va?
8 ¥z =8 =8 8
e 3 2
—dx:/ e’ (3dw) = 3e¥ =3eV?| =3(e* —e).
/1 Va? z=1 z=1 1
We substitute w = ¢ + 2, S0 dw = dt.
t=e—2 w=e e
/ Ldif:/ d—wzln|w| =lne—Inl=1.
e t+2 wel W L

. We substitute w = /z. Then dw = %m_l/zdm.

r=4 w=2
/ cos /T dr = / cosw(2 dw)
=1 \/E w=1

2

= 2(sinw)| =2(sin2 —sin1).

57.

58.

59.

60.

61

62.

. We substitute w = 1 + 22. Then dw = 2z dz.
r=2 w=>5 5
T 1 1 1/1 2
7d = e —d = —— — = —.
/z=o T+a2z ™ /wzl w? (2 w) Z(w) 5
3 4 2
/ («® + 5x)dx = — sz~ = 40.
—1 4 1 2 1

Yo
_dy =tan" 'y
/71 1+y?

3 3
1
/ —dr=Inzx
L T

=1In3.
e, Cn) - (D)
L @+ t+T 10 8) 40

-1

1
1
2

2
. / vz +2de = %(m+2)3/2
-1

-1

It turns out that Sl% cannot be integrated using elementary methods. However, the function is decreasing on [1,2]. One
way to seethisisto graph the function on a calculator or computer, as has been done below:
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1
0.75
0.5
0.25

—0.25 L

sin2 sinl

So since our function ismonotonic, the error for our |eft- and right-hand sumsislessthan or equal to ‘ At ~

0.61A¢. Sowith 13 intervals, our error will be lessthan 0.05. With n = 13, theleft sum is about 0.674, and the right sum
isabout 0.644. For more accurate sums, with n = 100 the left sum isabout 0.6613 and the right sum is about 0.6574. The
actual integral is about 0.6593.

Problems

63. (a) Thisintegral can be evaluated using integration by substitution. We use w = 2?2, dw = 2zdz.
/a:sin ’de = % /sin(w)dw = —% cos(w) + C = —% cos(z”) + C.

(b) Thisintegral cannot be evaluated using a simple integration by substitution.
(c) Thisintegral cannot be evaluated using a simple integration by substitution.
(d) Thisintegral can be evaluated using integration by substitution. Weuse w = 1 + 22, dw = 2zdz.

x 1 1 1, -1 -1
/mdl‘—a e =)= sy tO

(e) Thisintegral cannot be evaluated using a simple integration by substitution.
(f) Thisintegral can be evaluated using integration by substitution. Weuse w = 2 + cos z, dw = — sin zdx.

24 cosx

i 1
/ﬂdm:_/Edw:_1n|w|+c=—1n|2+cosml+0~

64. (a) The Fundamental Theorem gives

7* 3|7 NS 13
/ cosQHSianﬁz—Cos?’e‘ = -1 — -1 =0.

This agrees with the fact that the function f(#) = cos? §sin 6 is odd and the interval of integration is centered at
x = 0, thuswe must get 0 for the definite integral.
(b) Theareaisgiven by

™

cos® @
3

Area :/ cos® fsinfdf = —
0

0

65. Since f(z) = 1/(z + 1) ispositiveontheinterval z = 0 to z = 2, we have

2

=In3—Inl=1In3.
0

2
1
Area:/0 m+1dx:ln(x+1)

Theareaisln 3 = 1.0986.
66. To find the area under the graph of f(z) = me’”z, we need to evaluate the definite integral

2 2
/ ze® dx.
0

Thisisdonein Example 10, Section 7.1, using the substitution w = %, the result being

2, 1
/ ze™ dx = (e —1).
o 2
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67. The areaunder the curve between the given values is given by
4
=4(ln4 —In2) =4In2 =~ 2.7726.

2

‘y
Area :/ —dr=4Inzx
5 T

68. \%
Vo +

el

I E)

Vo sin(wt)

The period of V' = Vj sin(wt) is 27 /w, so the area under the first arch is given by

m/w
Area = / Vo sin(wt) dt
0
v

7/ w
0
= — 22 cos(wt
cos(wt) i
Vo Vo
=—— + — 0
cos(m) cos(0)
Vo Vo 2Vo

—2ED+ () =20

69. If f(z) = x—il,theaveragevalueof fontheinterval 0 < z < 2 isdefined to be

1 2 1 [? de
2—0/0 f(”)d$_§/0 PR

We'll integrate by substitution. Welet w = z + 1 and dw = dx, and we have

/£=2 dx /w=3 dw
= — =lnw
=0 T+ 1 w=1 w

Thus, the average value of f(z) on0 < z < 2is1n3 ~ 0.5493. SeeFigure 7.1.

3
=In3—Inl=1n3.

1

0.54931

Figure 7.1

70. (a) /4a:(a:2+1)dx:/(4$3+4a:)dx=a:4+2a:2+0.
(b) If w =22+ 1, then dw = 2z dz.

/4$(a:2+1)dx=/2wdw=w2+C=($2+1)2+C.

(c) The expressions from parts (a) and (b) look different, but they are both correct. Note that (z® + 1)*> + C = z* +
222 4+1 4 C. In other words, the expressions from parts (a) and (b) differ only by a constant, so they are both correct
antiderivatives.
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(@) Wefirst try the substitution w = sin 8, dw = cos 6 df. Then

2 02
sin @ cos 6 df = wdwzw?—f-C:Slnze—i-C.
(b) If weinstead try the substitution w = cosf, dw = — sin 6 df, we get
w? cos? 6
sinf cosfdf = — wdw=—7+C=— +C.
(c) Once we note that sin 260 = 2 sin 6 cos 6, we can aso say
sin @ cos 6 df = % sin 260 d6.
Substituting w = 26, dw = 2 df, the above equals
1 . cos w cos 260
1 sinwdw = — 1 +C=— 1 + C.

(d) All these answers are correct. Although they have different forms, they differ from each other only in terms of a
constant, and thus they are all acceptable antiderivatives. For example, 1 —cos” § = sin® §, so 828 — _cos0 4 1,
Thus the first two expressions differ only by aconstant C.

Similarly, cos 20 = cos® 6 — sin® 6 = 2cos’ — 1, 0 —<20 — _ 0’8 4 L and thus the second and third

expressions differ only by a constant. Of course, if the first two expressions and the last two expressions differ only
in the constant C, then the first and last only differ in the constant as well.

(@) If w=2t,thendw = 2dt. Whent = 0, w = 0; whent = 0.5, w = 1. Thus,

/00'5f(2t>dt - / Fw) gduw = %/ Fw)dw =3,

(b) fw=1-—t,thendw = —dt. Whent =0, w = 1; whent = 1, w = 0. Thus,

/Olf(l—t)dtz/lof(w)(—dw):+/01f(w)dw:3.

(c) If w=3—2t,thendw = —2dt. Whent =1, w = 1; whent = 1.5, w = 0. Thus,

/11'5f(3—2t)dt=/10f(w) (—%dw) :% /Olf(w)dw: g

(@ 11990, we have P = 5.3e%°14(®) = 5.3 hillion people.
In 2000, we have P = 5.3¢*-°14(1®) — 6.1 hillion people.

(b) We have
. L[ oo, 1 53 oo
Av lation = 3e” = — .2 0
erage populatio 10_0/0 5.3e dt 0 0.0146
_ 1 /753 o014 o ) _
10 (0.014(6 ¢)) =5

The average population of the world during the 1990s was 5.7 billion people.

(a) Attimet = 0, therate of oil leakage = r(0) = 50 thousand liters/minute.
Att = 60, rate = r(60) = 15.06 thousand liters/minute.
(b) To find the amount of oil leaked during the first hour, we integrate the rate from¢ = 0 to ¢ = 60:

60 50 60
Oil leaked :/ 50002 gt = (——e*‘)-‘m)
; 0.02 .

—2500e 2 4 2500e° = 1747 thousand liters.

(@) E(t) =1.4e%°™
(b)

Total Consumption for the Century
100 years

100
1.4e%07 gt

Average Yearly Consumption =

- L
100 /,
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1 0.07t
= (0.014) | —
(0.0 )[0.076

100
0

= (0.014) [ﬁ(& - eo)}

= 0.2(e” — 1) ~ 219 million megawatt-hours.
(c) Wearelooking for ¢ such that E(t) ~ 219:
1.4e"°7 ~ 219
e = 156.4.
Taking natural logs,
0.07t = In156.4
__ 5.05

~ —— ~ T72.18.
t 0.07 72.18

Thus, consumption was closest to the average during 1972.
(d) Between the years 1900 and 2000 the graph of E(t) looks like

E(t) = 1.4¢007¢

219

1
t
1900 1950 2000
t=0) (t = 50) (t = 100)

From the graph, we can see the ¢ value such that E(t) = 219. It liesto theright of ¢ = 50, and is thusin the
second half of the century.

76. Sincev = % it followsthat h(t) = /v(t) dt and h(0) = ho. Since

h(t):/v(t)dt: %/dt—%/e*%tdt.

we have

Thefirst integral is simply %t + C. To evaluate the second integral, make the substitution w = —%t. Then
Cl111:—£clif7
m
)
-2 ¢ _ w _E :_ﬂ w —_ mt
/e dt—/e ( k)dw 7€ +C 7€ +C
Thus
- mg, mg(_m -2t
h(t)_/ at =0 - ( e )+c
2
L PO P e
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Since h(0) = ho,
2
ho="29 .04 290, ¢

k k2
m2g
C =ho— o
Thus
mg m? g -k m’ m-g
h(t):Tt+? - + ho
mg m? g
h(t):Tt— k'2 (1 e m)+h0
77. Since v is given as the velocity of afaling body, the height & is decreasing, so v = _E‘ and it follows that h(t) =

- /v(t) dt and h(0) = ho. Let w = 'V 4 =tV Then

dw = /gk (6t\/9_k' _ e—t\/g_k') dt
o0 2 _ (e'V9F — ¢~ 1V9k) gt Therefore,

- frna=- [ VE( ) )

_\/%/ etk 4 e*t\/g_k (et\/g_k - 6_t\/g_k) *
ey

:—\/g"%lnhﬂ—l—c

—% In (et\/g_k + eit\/g_k) +C

Since 1 o
h(0) = - In(e” + ¢ )+C——HT+C ho,

wehave C' = ho + IHTZ Thus,

t\/gk —tr/gk
h(t):—%ln( ok *t\/_)+1n72+h0 —%m (%) + ho.

78. (a) In the first case, we are given that Ry = 1000 widgets/year. So we have R = 1000e°-1%. To determine the total
number sold, we need to integrate this rate over the time period from 0 to 10. So the total number of widgets sold is

10 1000 0
/ 1000e% %" dt = me‘““ =6667(e"® — 1) ~ 23,211 widgets.
0 : 0

In the second case, the total number of widgets sold is

10

= 3.5 billion widgets.
0

/T 1000e% 15 gt ~ 23211
0

10
/ 150,000,000e”*5* dt = 1,000,000,000¢°-*%*
0

(b) We want to determine T such that

2
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Evaluating both sides, we get

6667(e” T — 1) = 11,606
6667e" 177 = 18273
e = 2740
0.157 =1.01, so T = 6.7 years.

Similarly, in the second case,
3,500, 000, 000

T
/ 150,000,000e’ 15 dt ~
. 2

Evaluating both sides, we get

(1 billion) (" — 1) = 1.75 hillion
T =275
T =~ 6.7 years
So the half way mark is reached at the same time regardless of theinitial rate.

(c) Since half the widgets are sold in the last 3% years of the decade, if each widget is expected to last 3% years, their
claim could easily be true.

Solutions for Section 7.2

Exercises

1. Letu=arctanz,v' =1.Thenv =z and v =

i1 Integrating by parts, we get:

1
1-arctanzder = x - arctanz — [ - ——— dx.
1+ 22

To compute the second integral use the substitution, z = 1 + 2.

T 1 [dz 1 1 2
== — == = —In(1 ° .
/1+x2d$ 5 - 2ln|z|—|—C 2n( +z7)+C

Thus,
/arctanmdm = r-arctanx — % In(1+ 1‘2) +C.

2 Letu=tandv =e*, s0u =1landv = Le™.

e
Then [te® dt = 1te® — [ 1 dt = $te® — 5=’ + C.
3. Letu=t>andv = €%, s0u =2tandv = e,
Then [#?e’ dt = Lt — 2 [te*tdt.
Using Problem 2, we have [ t?e®" dt = 1t°e™ — 2(Lte® — Le) 4+ C

25
_ 1425t 2, 5t 2 5t
= zte sste”’ + oze” + C.

1
56

4. Letu=pandv = e"%PP o' =1.Thus v = [e"*V? dp = —10e(~°-H7. With this choice of u and v, integration
by parts gives:

/pe(fo.l)p dp :p(—10€(70'1>p) _ /(_106(70.1)13) dp

= —10pe VP 4 10/6(*0-”1’ dp

—10pe~%PP — 100 0VP 4 .
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5. Letu=t,v" =sint. Thus,v = — cost and «' = 1. With this choice of u and v, integration by parts gives:

/tsintdt: —tcost—/(—cost)dt

= —tcost +sint + C.

. 1 .
6. Letu=Iny,v' =y.Then,v = 1y’ and v’ = . Integrating by parts, we get:

1, 1,1
Inydy = ~y’lny— [ —y> —d
/ynyy 59 Iny /Zy , W

1, 1
=-y’lny— - [ yd
5Y Iny 2/yy

1 2 1 2
21/ ny 4y +C

4
7. Letu:lnxandv'sz,SOu'Z%andvz =

Then
4

4 3 4
3 T R _r
/m Inzdr = 1 Inz / 1 dx 1 Inz 16+C.

8 Letu=z+1,0 =€ Thus,v = Le?* and v’ = 1. Integrating by parts, we get:

/(z+ e dz=(z+1)- %eh - / %eh dz

(z 4 1)e* — Zeu +C

(22 +1)e** +C.

= DN =

9. Letw =1¢% v =sintimplyingv = — cost and v’ = 2¢. Integrating by parts, we get:
/t2 sintdt = —t” cost — / 2t(— cos t) dt.

Again, applying integration by partswith u = ¢, v’ = cost, we have:
/tcostdt =tsint +cost + C.

Thus
/tzsintdt = —t%cost + 2tsint + 2 cost + C.

10. Letu = 6¢” andv’ = cos 30, sou’ = 26 and v = £ sin 36.
Then [ 6% cos 30 df = 56 sin 30 — 2 [ fsin 3¢ df. Theintegral on theright hand sideis simpler than our original
integral, but to evaluate it we need to again use integration by parts.
Tofind [ Osin 36 df, letu = 6 and v’ = sin 3¢, sou’ = 1 and v = —3 cos 36.
Thisgives

/95in39d9=—%9cos39+%/c0539d9:—%9c0539+%sin39+0.

Thus,
2 1 2 . 2 2 .
/9 cos 30df = 39 sin 360 + §9cos39— 2—7$1n39+C.
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11. Letu =sinfand v’ =sinf, sou’ = cosf and v = — cos 6. Then

/sin29d9:—sin9cos€+/c0529d9

= —sinecos9+/(1 —sin’ ) db

——sin9cos€+/1d0—/sin29d9.

By adding [ sin® 6 d6 to both sides of the above equation, we find that 2 [ sin” #df = —sinfcosf + 6 + C, s0
[sin®0df = —Lsinfcosf+ &+ C'.
12. Letu = cos(3a+ 1) and v’ = cos(3a + 1), 0w’ = —3sin(3a + 1), and v = £ sin(3a + 1). Then

/cos2(3a +1)da = /(cos(3a + 1)) cos(3a + 1) da

= % cos(3a+ 1)sin(3a + 1) + /sin2(3a +1)da

% cos(3a + 1) sin(3a + 1) + / (1= cos®(3a + 1)) da
= % cos(3a+ 1)sin(3a+1) + a — /cosQ(Sa + 1) da.
By adding [ cos®(3a + 1) de to both sides of the above equation, we find that
2/c052(3a +1)da = %cos(?)a +1)sin(3a+1)+a+C,
which gives

/cosz(?)a +1)da = é cos(3a + 1)sin(3a + 1) + % +C.

13. Letu =1Inbg,v' = ¢°. Thenv = 2¢° and v’ = ey Integrating by parts, we get:
q

5 1 1, 14
Inbgdg = =¢®Insq— [ (5-—)- =¢%d
/qnqq Gqu/( 5q)6qq

16 1 ¢
=2¢°In5g— — .
6q n 5q 36(1 +C

14. Letu =yandv' = (y +3)"/?, sou' = landv = Z(y + 3)*2
Jyuvy+3dy =2y(y+3)*% = [2(y+3)*?dy = 2y(y +3)*” — L(y+3)°* + C.

21
15. Letu = (Int)>ando’ =1, 504" = Tnt andv = ¢. Then

/(lnt)zdt = t(Int)? —Z/Intdt =t(Int)® — 2tInt 4 2t + C.

(We use the fact that / Inzdr = zlnx — x + C, aresult which can be derived using integration by parts.)

16. Letu=t+2andv = V2 +3t, 504 = 1andv = 2(2 + 3t)*/%. Then
/(t+2)\/2+3tdt: (t+2)(2+3t)3/2—;/(2+3t)3/2dt

(t+2)(2+3t)%2 — %(2 +3t)%% 4+ C.

Ol Ol N
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17. Letu=60+1andv =sin( +1),0u = 1landv = —cos(f + 1).

/(0 +1)sin(6 +1)df = —(6 + 1) cos(8 + 1) +/cos(€ +1)d6

=—(0+1)cos(@+1)+sin(d+1)+C.

18. Letu =z,v" =e *.Thusv = —e~* and v’ = 1. Integration by parts gives:

/zeiz dz = —ze * — /(—eiz)dz

=—ze ‘—e “+C
=—(z4+1)e “+C.

19. Letu =Inz,v' =z 2. Thenv = —z ' andu’ = z 1. Integrating by parts, we get:

/$_21nxda: =—z 'lnz — /(—x_l) -~z dx

=—z 'lhe—z ' +C.

20. Letu:yandu’:Jﬁ,wu’:landv:—2(5—y)l/2.
Yy _ 1/2 1/2 _ 1/2 4 3/2
dy = —2y(b — 2 5 — dy = —2y(5 — —=(5— C.
/m y yG-y) "+ /( y) T dy y(5—y) 30—y +
t+7 t oy
21. dt = dt+7 5—t dt.
VvVh—t /\/5—t /( )
To calculatethefirstintegral, we useintegration by parts. Letu = ¢t and v’ = \/%,Sou' =1landv = —2(5—1)"2.
Then
t 1/2 1/2 124 3/2
——dt = -2t(b —t + 2 5—1t dt = —=2t(5 —t ——(b—t + C.
[ = a=-ue-i 2 [6-0 6-0" =361

We can calculate the second integral directly: 7/(5 — )7 = —14(5 —t)"/? + C1. Thus

t+7 12 4 3/2 1/2
dt = —2t(5—1t —-(5—t —14(5 -1t + Cb.
T = (-0 - {6 -0 =146 -0 4
22. Letu = (Inz)*andv’ =z, 04’ = @aﬂdv: %.Then
2

/m(lnm)4dx = %”)4 - Z/m(lnx)?’dx.

[ #(Inz)? dz is somewhat less complicated than [ z(Inz)* dz. To calculate it, we again try integration by parts, this
timeletting « = (In ) (instead of (Inz)*) and v' = z. Wefind

/x(lnx)3da: - %2(1”)3 - g /m(ln$)2da:.

Once again, express the given integral in terms of aless-complicated one. Using integration by parts two more times, we

find that )
/x(lnx)2d$ = %(lna:)Q - /a:(lna:) dz

and that
2

$2 T
/mlnxdm = 7lna:— T +C.
Putting this all together, we have

4 z’ 4 2 3,3 2 2 3 9 3 5
/x(lnx) da:z;(lnx) —z (Inz) + 5T (Inz) — 3% lna:+Za: +C.
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1

23. Lety = arcsinw andv’ = 1,04 = and v = w. Then

—w?

. . w .
/arcsmwdw:warcsmw—/i‘dw:warcsmw—f-\/l—w2+0.

V1—w?
24. Letu = arctan7z and v’ = 1,0 u' = 5= adv = 2. Now [ {7525 can be evaluated by the substitution

w=14492% dw = 982dz, 0

Tzdz e=dw 1 [dw 1 1 )
= == [ =2 = —In(1+4
/1+49z2 7/ w "1 w s mnllO= g9+ 0

1
/arctan Tzdz = zarctan 7z — ﬂ In(1 + 492%) + C.

25. Thisintegral can first be simplified by making the substitution w = 2, dw = 2z dz. Then

. 1
/a: arctan z° dz = 3 /arctanw dw.

To evaluate [ arctan w dw, we'll use integration by parts. Let u = arctanw and v’ = 1,804’ = =i and v = w.
Then

1 .
arctan w dw = w arctan w — Y jw = warctan w — |l 4w’ +C.
14 w? 2

Since 1 + w? is never negative, we can drop the absolute value signs. Thus, we have
2 1 2 2 1 232
/xarctanx dx = 3 (m arctan x —Eln(l—i—(x ) )+C)

1 . 1
= §$2 arctan z° — 1 In(1+z")+C.

26. Letu =22 and v’ zxezz,sou' =2z andv = %exz.Then

/x?’exz de = %x%xz — /az‘eg”2 dr = %xQBEZ - %exz +C.

Note that we can also do this problem by substitution and integration by parts. If we let w = 2%, s0 dw = 2z dz, then

/ 23 dp = % / we” dw. We could then perform integration by parts on thisintegral to get the same result.

27. To simplify matters, let ustry the substitution w = %, dw = 322 dz. Then

/x5cosm3dx:%/wcoswdw.

Now we integrate by parts. Let w = w and v’ = cosw, S0u’ = 1 and v = sin w. Then

é/wcoswdw: %[wsinw—/sinwdw]

1
= g[wsinw—l—cosw] +C

1 1
= ga:?’sina:3+ gcosa:3+C

5

=5Inb —4 = 4.047
1

5

28. Intdt = (tlnt —t)

5

=cosb+ 5sind — cos3 — 3sin3 ~ —3.944.
3

5

29. zcosxdr = (cosz + xsinz)

—
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30. Weuseintegration by parts. Letu = zandv' = e *, 504 = landv = —e .

10

10
—+ / e “dz
0 0

10

10
Then / ze “dz = —ze ©
0

= —10e " + (—e7%)

0
=117 "% +1
~ 0.9995.

= gln3—2z2.944.

3 1 1 3
3L / tlntdt:(—t21nt——t)
1 2 2 1

32. Weuseintegration by parts. Let v = arctany andv' = 1, 04’ = ﬁ andv = y. Thus

1
/ arctan y dy = (arctany)y
0

—%ln|1+y2|

0

In2 ~ 0.439.

e N

N | =

5

=6In6 -5~ 5.751.

33. / In(1+t)dt = (1 +¢)In(1 +t) — (1+1))

. . 1
34. We useintegration by parts. Let u = arcsinz andv' = 1, 04’ = ———— andv = z. Then
crionyp ’ i
! ! ! z Vs ! z
/arcsinzdz:zarcsinz —/ 7dz:——/ —dz.
0 o Jo V1—22 2 o V1—22
1
. 4 .
To find ——_ dz, wesubstitutew = 1 — 2%, 0 dw = —2zdz.
/0 V1—22

Then

z=1 w=0 w=1
A dzz—l/ w_Edwzl/ w2 dw = w?
z=0 V 1— 22 2 w=1 2 w=0
Thus our final answer is 5 — 1 ~ 0.571.
35. To simplify the integral, we first make the substitution z = u?, S0 dz = 2u du. Then

u=1 z=1
.2 1 .
warcsin u” du = 3 arcsin z dz.
u z

=0

From Problem 34, we know that [/ arcsin zdz = 5 — 1. Thus,

1
: 1
/ warcsin u” du = —(E —1) =~ 0.285.
. 22

Problems

36. (a) Thisintegral can be evaluated using integration by partswithu = z, v = sinz.
(b) We evaluate thisintegral using the substitution w = 1 + «3.
(c) We evaluate thisintegral using the substitution w = z>.
(d) We evaluate thisintegral using the substitution w = 3.
(e) Weevaluate thisintegral using the substitution w = 3z + 1.
(f) Thisintegral can be evaluated using integration by partswith u = 2%, v’ = sin z.
(g) Thisintegral can be evaluated using integration by partswithu = Inz, v = 1.
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37. 27

/ f(z) =zsinz
7\_/% I

The graph of f(z) = xz sin z is shown above. Thefirst positive zero isat x = , S0, using integration by parts,

—27

™
Area :/ rsin z dx
0

™ ™
+/ cos x dx
0 0

™

= —IXCOST

s
+sinz

0 0

= —mcosm — (—0cos0) +sinm —sin0 = =.

= —IXCOST

38. From integration by partsin Problem 11, we obtain
.2 1. 1
sin” 6 df = ) sin 6 cos 6 + 59—}- C.

Using the identity given in the book, we have

/sin29d9=/1_+’529d9=%9—isin29+c.

Although the answers differ in form, they are realy the same, since (by one of the standard double angle formulas)

—isin% = —i(ZsianosG) = —%sin&cosﬁ.

39. Integration by parts: let u = cos§ and v’ = cosf, s0u' = —sinf and v = sin 6.
/cos2 fdf = sinfcosf — /(— sin 0)(sin 6) df
= sinf cos @ 4—/sin2 0de.
Now usesin® § = 1 — cos? 6.

/c0529d9=sin9c059+/(1—cos29)d9

=sin9c059+/d9—/cos29d9.

2/c0529d9:sin9c089+9+0

Adding [ cos® 6 d6 to both sides, we have

/c0529d9 = %sianosG—i— %9—{—0'.

Usethe identity cos® § = 120520
/cos%de:/H%szede:%0+ism20+a

The only difference is in the two terms  sinfcos# and  sin 26, but since sin2 = 2sin6 cosf, we have
+sin260 = 1(2sin @ cos#) = 3 sin f cos §, so thereisno real difference between the formulas.



374 Chapter Seven /SOLUTIONS
40. Firgt,letu = e” andv’ =sinz, s0u’ = e® andv = — cos z.

Thus [e”sinzde = —e” cosz + [ e” cosz dz. To calculate [ e” cos « dx, we again need to use integration by parts.
Letu =e” andv' =cosz,s0u’ =e® andv = sin x.

Thus
/ez coszdr = e sinzy — /em sin z dz.

This gives
/eac sinzdr = e“sinx — e” cosz — /e73 sinz dz.
By adding [ e” sin z d to both sides, we obtain

2/6’3 sinzxdr = e”(sinx — cosz) + C.
. |
Thus /e sinx dr = ¢ (sinz — cosz) + C.

This problem could also be done in other ways; for example, we could have started with « = sin 2z and v/ = e* as well.

41. Letu =e’ andv’ = cosf,s0u' = e’ andv =sin 6. Then [ e’ cos§df = e’ sinf — [’ sin 6 d6.
In Problem 40 we found that / e’ sinzdr = %em(sinx —cosz) +C.
/69 cosfdf = e’ sinh — [%ee(sinH — cos 9)] +C
1 4, .
=3¢ (sinf + cos @) + C.

42. We integrate by parts. Since in Problem 40 we found that [ e”sinzdz = 4e®(sinz — cosz), we let u = z and

v =e"sinz,0u =1landv = Le”(sinz — cos z).

1 1
Then /az‘eJJ sinzdr = Emez(sinx —cosz) — 3 /ez(sinm —cosz)dx

= lxeg”(sina:—cosx)—l/ez sina:da:+l/e””cosxda:.
2 2 2
Using Problems 40 and 41, we see that this equals
lxem(sinm —cosz) — %ew(sinm —cosz) + iem(sinx +cosz)+C
= laL‘eI(sinat —cosz) + %em cosz + C.
43. Again we use Problems 40 and 41. Integrate by parts, lettingu =  and v = €’ cos, sou' = 1 and v = e’ (sin 6 +
cos #). Then
0 1,0, 1 0.
/96 cosfdf = 596 (sm9+c089)—§/e (sin 6 + cos @) df
1. 4, . 1 6 . 1 0
= 596 (s1n6+cos€)—§ e sm9d9—§ e’ cosfdb
1,6, 1g, . 1, .
= 596 (sin @ + cos §) — 7¢ (sin® — cos @) — Z(smﬁ +cosf)+C

0

= %Geo(sin9+c059) - %e sinf + C.

44. We integrate by parts. Since we know what the answer is supposed to be, it's easier to choose u and +/. Let u = 2™ and
v =e% s0u =nz" tandv =e®. Then

-1
/x"ex dr =z"e” —n/x" e” dx.
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45. Weintegrate by parts. Letu = 2" and v’ = cosaz, 0 v’ = nz"~ " and v = L sinaz. Then

1 —1,,1 .
/a:" cosardr = —z" sinax — /(nx" ") (= sinaz) dz
a a

1 . n -1 .
= Z“z"sinax — — [ 2" sinazdz.
a a

46. Weintegrate by parts. Letu = " and v’ = sinaz, s0u' = nz" " andv = — 2 cos ax.

. 1, n— 1
Then /m" sinazdr = —=z" cosazr — /(nm Y (== cosazx)dzx
a a
1 n n/ n—1
=——z"cosar + — | " cosazdr.
a a

47. Weintegrate by parts. Since we know what the answer is supposed to be, it's easier to choose w and v/. Let u = cos™ ' «

andv’ = cosz, 04 = (n — 1) cos™ 2 z(—sinz) andv = sin .
Then

-1, —2 .2
/cos”a:da: =cos" " zsinz + (n — 1)/cos” zsin” zdx
n—1 : n—2 2
=cos"  zsinz + (n—1) /cos z(1 —cos” z)dx

=cos" 'zsinz — (n—1) /cos" zdr+ (n—1) / cos" * x d.
Thus, by adding (n — 1) f cos™ x dx to both sides of the equation, we find

/cos z dx = cos” 71xsinm+(n—1)/cos"72xdx,

n—1 -1 —2
SO / "dr == cos rsinz + — [ cos" " zdzx.
n

48. (a) Oneway to avoid integrating by partsis to take the derivative of the right hand side instead. Since f e*®sinbx dr is
the antiderivative of e*” sin bz,

e sinbr = % [e“" (Asin bz + Bcosbz) + C]

= ae"”(Asinbz + B cosbz) + e"” (Abcos br — Bbsin br)
=e""[(aA — bB)sinbz + (aB + bA) cos bx].

ThusaA —bB =1andaB + bA = 0. Solving for A and B interms of a and b, we get
a b

=——— B=————.
a? + b2’ a? + b2
Thus

ar . azx a . b
/6 sinbr = e (m51nbx— a2—_+_b2COSb$) +C
(b) If we go through the same process, we find

ae””[(aA — bB)sinbz + (aB + bA) cosbx] = " cos bx.
ThusaA — bB = 0,and aB + bA = 1. Inthis case, solving for A and B yields

b a

= B = .
a? + b2’ a? 4+ b?

Thus [ e*® cosbz = e”(# sinbz + x5z cosbx) + C.
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49. Since f'(x) = 2, integration by partstells us that

/0 "ty (@) de =

/ e
— £(10)9(10) — F(0)g(0) — 2 / 29(e) da.

We can use left and right Riemann Sumswith Az = 2 to approximate fow zg(x)dx:

Leftsum =~ 0-g(0)Az +2-g(2)Az +4-g(4)Ax+6-g(6)Azr + 8- g(8)Ax
= (0(2.3) +2(3.1) + 4(4.1) + 6(5.5) + 8(5.9)) 2 = 205.6.
Rightsum = 2 - g(2)Az + 4 - g(4)Az + 6 - g(6)Az + 8- g(8) Az + 10 - g(10)Ax
= (2(3.1) 4 4(4.1) + 6(5.5) + 8(5.9) + 10(6.1)) 2 = 327.6.

A good estimate for the integral is the average of the left and right sums, so

10
205.6 + 327.6
/ zg(z)de ~ + = 266.6.
0

Substituting values for f and g, we have

/ F(@)g' (@) dr = F(10)g(10) — £(0)g(0) — 2 / vg(r) da

~ 10°(6.1) — 0°(2.3) — 2(266.6) = 76.8 ~ 77.

50. Using integration by parts we have

/01 of" (@)de = ' (= /f

=1-f ( = [f(1) = f(0)]
:2—0—5+6—3

51. (a) Wehave

a
F(a):/ e da
0

a a

—+—/ 2ze” " dx
0 0
a a

+2/ e "dz
0 0

a

—z

2
= —I e

= (—z’e™" — 2ze™")

= (=2’ —2ze™" — 2¢77)

0
=—a%e"* —2ae " — 2 " +2.

(b) F(a) isincreasing because z*e~" is positive, So as a increases, the area under the curve from 0 to a also increases
and thus the integral increases.
() Wehave F'(a) = a’e™*, s0
F'"(a) =2ae™® —a’e™ = a(2 —a)e™ .

We seethat F"'(a) > 0 for 0 < a < 2, so F' isconcave up on thisinterval.



52.

53.

54.
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We have 3
Bioavailability = / 15te™ %2 dt.
0

We first use integration by parts to evaluate the indefinite integral of this function. Let w = 15t and « = e %!d¢, s0
u' = 15dt and v = —5e~°%". Then,

/15t6_0'2tdt = (15t)(=5e ") — / (=5e~"*)(15d1)
= —75te™ % 4 75/6—0-2% — _75te™%2 _ 3756702 4 (.

Thus,
3

= —329.29 4+ 375 = 45.71.
0
The bioavailability of the drug over thistimeinterval is45.71 (ng/ml)-hours.

3
/ 15te™ %% dt = (—75te™ "% — 375e7%)
0

(a) Increasing Vo increases the maximum value of V', since this maximum is V5. Increasing w or ¢ does not affect the
maximum of V.
(b) Since
Cil_‘t/ = —wVosin(wt + ¢),
the maximum of dV'/dt iswVp. Thus, the maximum of dV/d¢ isincreased if Vj or w is increased, and is unaffected
if ¢ isincreased.
(c) Theperiod of V' = Vj cos(wt + ¢) is2m/w, SO

27/ w
Average value = L / (Vo cos(wt + ¢))* dt.
2r/w [,

Substituting z = wt + ¢, wehave dz = wdt. Whent = 0, z = ¢, andwhent = 27 /w, © = 2w + ¢. Thus,

w t+é 1
Average value = — Ve (cos x)’ = dx
w

27r¢

2 2n+¢
= ‘2/—0/ (cos z)? da.
TJs

Using integration by parts and the fact that sin® 2z = 1 — cos® , we see that

‘{? 1 . 27 +¢
Averagevalue = — | = (coszsinx + a:)}
2w L2 P
175 . .
= [cos(2m + ¢) sin(2m + ¢) + (27 + ¢) — cos psin ¢ — @]
_W W
T 4rw T2

Thus, increasing V; increases the average value; increasing w or ¢ has no effect.
However, it is not in fact necessary to compute the integral to see that w does not affect the average value, since all
w'sdropped out of the average value expression when we made the substitution x = wt + ¢.

T
(@) We know that Z—f = r, so the total energy E used in the first T hours is given by E :/ te™ " dt. We use
0

integration by parts. Letu = ¢,v' = e %, Thenu' = 1,v = — e,

T
E:/ te "t dt
0
T T
1 _
[ (e a
0 0 a

t —at
——e
a
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T
:—lT —aT+1 —atdt
a af,
1 —aT 1 —aT
= _ET +¥(1—e )
®) 1 T 1 1
lim E=—=1li —(1- 1
T oo aTgI;o (e“T)+a2 ( T e“T)

Sincea > 0, the second limit on the right hand side in the above expression is 0. In the first limit, although both the
numerator and the denominator go to infinity, the denominator ¢” goes to infinity more quickly than 7" does. So in

the end the denominator ¢*” is much greater than the numerator 7'. Hence Tlim ol 0. (You can check this by
— 00

. T 1
graphing y = — on acalculator or computer for some vauesof a.) Thus lim F = —.
eaT T— o0 a?
55. (a) We want to compute C4, with C; > 0, such that

/01 (¥1(x))* do = /01 (Cy sin(nz))? do = C? /01 sin? () dar = 1.

We use integration by partswith u = v' = sin(wz).
Sou' = mcos(rz) andv = —2 cos(rz). Thus

1

0

1 1
/ sin®(rz) do = —% sin(rz) cos(mz)| + / cos’(wz) dx
0 0

1

+¥£lﬂn—ﬁn%ﬂx»dm

__1 sin(wzx) cos(mwzx)
™ 0

Moving fol sin?(wz) da from the right side to the left side of the equation and solving, we get

1

™ 0

' 1

/ sin®(rz) de = =.

o 2
ot

1 1
/ (U1 (x))? de = Cf/ sin’ (nz) dz = -5
0 0
So, to normalize ¥, wetake C; > 0 such that
02

%:1&&:&

(b) To normalize ¥,,, we want to compute C,,, with C,, > 0, such that

1 1
2/ sin®(rz) dz = 1 sin(wz) cos(nz)| + / lde=0+1=1,
0 0

Thus, we have

1 1
/ (U, (2))? de = C? / sin’ (nmz) de = 1.
0 0
The solution to part (a) shows us that
. 2 1 1
/sm (wt)dt = o sin(7t) cos(wt) + 5 /1dt.

In the integral for ¥,,, we make the substitution ¢ = nx, sodz = %dt. Sincet = 0 whenz = 0 and t = n when

z = 1, we have
/ sin® (wt) dt
0
_L sin(mt) cos(mt)
2r

o)}

1
/ sin® (nmz) dz =
0

+l/ 1dt
o 2/,

Sl 3l 3=
[e=]
+



Solutions for Section 7.3

7.3 SOLUTIONS 379

Thus, we have

1 L o
/ (U, (z)) de = Cﬁ/ sin®(nrz) de = T"
0 0

So to normalize ¥,,, we take C,, such that

Exercises

1

%e(_?’e)(—S cosf +sinf) + C.

(Leta=-3,b=1inll-9)

%xﬁ Inz — %xﬁ +C. (Letn =5in111-13)

Theintegrand, a polynomial, z*, multiplied by sin 5z, isin the form of 111-15. There are only three successive derivatives
of z* before 0 is reached (namely, 322, 6z, and 6), so there will be four terms. The signs in the terms will be —++—, as
givenin I11-15, so we get

1 1 . 1 1
/x3sin5xda:: —g$3cos5a:+ % ~3a:zsin5x+m - 6x cosbr — 6% -6sinbx + C.

Formula I11-13 applies only to functions of the form z™ In x, so we' |l have to multiply out and separate into two integrals.
/(:1:2 +3)Inzdr = /m2lnxdx +3/ln:1:dx.
Now we can use formula Il1-13 on each integral separately, to get
2 1’3 $3
/(x +3)Inzxdr = ?lna: -9 +3(xlnz —x) +C.
Note that you can’t use substitution here: letting w = 2+ 5 doesn’t work, sincethereisno dw = 3z dz in theintegrand.
What will work is simply multiplying out the square: (2* + 5) = 2° + 102® + 25. Then use I-1:

/(z3+5)2da;=/xﬁdx+1o/x3da;+25/1dx:%x7+10&x4+25x+a

1
—gcos5w+C

(Let z = cos w, as suggested in IV-23. Then — sin w dw = dx, and fsinwcos4 wdw = — fx4 dzx.)

—Zsin®zcosz — §sinmcosm + gm + C.
(UselV-17.)

1
—— arctan Y +C.

V3 V3
(Leta = /3 inV-24).

Letm = 3inlV-21.

1 d 1 sinz +1 1 d

T == - T

cos3 T 2cos2x 2 cosT
+iln sinx + 1

1 sinz

+C by IV-22.

2 cos? x sinx — 1
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10.

o

13 3.2, 3 3\ 2
(535 i +Za:—§)e +C.
(Leta = 2,p(z) = 2% inlll-14)
5 . . 3
11. 6 sin 36 sin 56 + 6 cos 36 cos 50 + C.

(Leta=3,b=5inll-12)

12. 1_36 cos 30 sin 56 — 1_56 sin 36 cos 56 + C.
(Leta =3,b=5inll1-10.)

13. (lxz - za: + 3) e +C.

3 9 27
(Leta = 3,p(x) = 2% inl11-14)
1 .3
(Substitute w = z® , dw = 3z dz. It isn’'t necessary to use the table.)
1 4 4 3 4 2 8 8) 3z
15, (Z2'— = 22—+ — :
5 (3x ga: +9x 27x+81 et +C

(Leta = 3,p(x) = z* inlll-14)
16. Substitute w = 5u, dw = 5du. Then

1
/u51n(5u) du = = w’® lnwdw
1,1 1
= —-u’l - = .
6u nbu 36u +C

Oruselnbu =1nb + Inwu.

/u5ln5udu=ln5/u5du+/u5lnudu

u6

= 55+ éuﬁlnu— %u‘wc (using 111-13)

u® 1 ¢
i l - — .
6 nbu 36u +C

17. Uselong division to reorganize the integral:

[ [ (e z2g) a= [ as [ gy

To get thissecond integral, leta = 1,b = —1inV-26, so

2
1
/izfldt=t+1n|t_1|_1n|t+1|+c.

18. Substitute w = 22, dw = 2z dz. Then/x3 sinz’ dz = %/wsinwdw. By I11-15, we have

1 1 1 1
/wsinwdw = —§wcosw+ §sinw+C: —§x2cosx2+ §sinx2+0.

19. (7 cos 2y sin Ty — 2 sin 2y cos Ty) + C.
(Leta = 2,b = 7inlI-11)

20.

&l =

1 1 1
/y2 sin 2y dy = —§y2 cos 2y + Z(Zy) sin 2y + g(Z) cos2y +C

1 1 1
= —Eyz cos 2y + EysinQy + 1 cos2y + C.

(Usea = 2,p(y) = y> inlll-15)
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21. 3—1465“”(5 sin 3z — 3 cos 3z) + C.
(Leta =5,b=3inll-8)
22. Use1V-21 twiceto get the exponent down to 1:

1 do — 1 sin x i § 1 dr
cos® x T 4dcostz 4 cos3 T

1 d 1 sinz i 1 1 d
——dr = = - T
cos3 2cos2x 2 cosT

Now use 1V-22 to get

1 1 (sinz) +1
de = -In|-——— |+ C.
/cosa: v=an (sinx)—1‘+
Putting this all together gives
1 1 sinz 3 sinz 3 (sinz) + 1
Rt ST TR M | le? Sl ()
/cos5x ¥~ dcosiz ' 8costz ' 16 (sinx)—1‘+

23. Substitute w = 26, dw = 2 df. Then use IV-19, letting m = 2.

1 1 1 1, cosw 1 1
——dl=z | —5—dw=;(———)+C=— C=—r—-—7+C.
/sin2 20 2/sin2w v 2( sinw)+ 2tanw+ 2tan20+

24. Substitute w = 36, dw = 3 df. Then use 1V-19, letting m = 3.

1 1 1 1 1cosw | 1 1
——dl=c | —5—dw=35|—5—— = —d
/sin3 30 3 / sinw 3 { 2 sin® w + 2 / sinw w}

lcosw 1|1, |cos(w)—1
= Sl P e e by IV-20
6sin?w 6 [2 cos(w)—i—l‘_’_c} 4
1 cos30 1 cos(36) — 1
= TGsnZzg 12" cos(30)+1‘ +C

25. Substitute w = 7z, dw = 7dx. Then use IV-21.

L dalc—l ! dw—1 lsinw —l—z ! dw
cos? Tx T 7] costw T 7 13cosPw 3 cos2w

_ 1 sinw 2 [sinw }
T 2lcosdw @ 21 Lcosw
1 tanw 2

:ﬁcos2w+ﬁtanw+c

1 tanT7x 2
- — Z tanTz 4 C.
9 cos2 7z | o1 PRI

26.

1 1 1
/x2+4x+3dx /(x+1)(x+3)dx 2(n|a:+ | —Infe+3)+0

(Leta = —1andb = —3in V-26).

381

27. Using the advice in 1V-23, since both m and n are even and since n is negative, we convert everything to cosines, since

cos x isin the denominator.

.4
sin® z
/tan4mdx:/ — dz
cos*x
(1—C0821‘)2d
= [ — " dr
costz

1 1
= dx — 2 de + | ldz.
costx cos?
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By IV-21

1 d 1 sinzx + 2 1 d
—dr == - z
costz 3cos3z 3/ cos?z '

/ 12 de — sin z i
cos? ¢ Ccos T

Substituting back in, we get

1 si 4 si
tan4a:dx:—smx __sma:+x+0.
3cosd3xz 3cosx

28,
/—ﬁi—:—gmm—mp—w+a

(Leta=0,b=3inV-26)

29.
dy / dy 1
/4—y2 -y A

(Leta=2,b=—2inV-26)

30. arctan(z + 2) + C.
(Substitute w = z + 2 and use V-24, lettinga = 1.)

31.

1 1
/mdy—/mdy—arctan(y+2)+0.

(Substitutew = y + 2, and let a = 1 in V-24).

32.
1 1 1
/a:2+4a:+4 v /(904—2)2 v 2 "
You need not use the table.

33. We use the Pythagorean | dentity to change the integrand in the following manner:

.3 .2 . 2 . . 2 .
simn r = (sm 1‘) sSmmr = (1—COS 1‘) SINYX =8SINTr —COS TSINT.

Thus, we have

-3 . 2 .
/sm xdm:/(smw—cos xsma:) dx

. 2 .
:/smxda:—/cos rsinx dr.

The first of these new integrals can be easily found. The second can be found using the substitution w = cosz S0

dw = —sin z dz. The second integral becomes
/costsinxdx = —/dew
= —%w?’ +C
-1 cos’z+ C
T3

and so our final answer is

.3 . 2 .
/sm mdx:/smxdx—/cos rsinx dx

= —cosz + (1/3) cos’® z + C.
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/sin3 36 cos® 30 df = /(sin 36)(cos® 30)(1 — cos” 30) df
= /sin 30(cos” 30 — cos” 36) do.

Using an extension of thetip givenin rule 1V-23, we let w = cos 36, dw = —3sin 30 db.

/sin 36(cos” 30 — cos” 36) df = —% /(w2 —w") dw
1w W
=3l e
1
9

(cos® 36) + 1i5(cos5 30) + C.

35. If we make the substitution w = 222 then dw = 4z dz, and the integral becomes:

. 1
/zezz2 cos(22%) dz = 1 /ew cos w dw

Now we can use Formula 9 from the table of integralsto get:

1 171
1 /e“’ cosw dw = 1 [Eew(cosw +sinw) +C
1 4 .
= 3° (cosw +sinw) + C
1. .
= gezz2 (cos22° +sin22”) + C
Problems
36. Using I1-10 inthe integral table, if m # £n, then
/ sinmfsinnfdd = 5 5[m cos m@ sin nd — n sin mo cos nd]
. n2 —m .
_ 1 . .
= m[(m COS M7 Sin N — M Sin M COS Nw) —

(m cos(—mm) sin(—nw) — nsin(—mmr) cos(—nm))]

But sin k7 = 0 for al integers k, so each term reduces to 0, making the whole integral reduce to 0.
37. Using formulall-11, if m # +n, then

™

- (n cos mf sin nf — m sin mé cos nb)
2 —m2

/ cosmf cosnf df =

We see that in the evaluation, each term will have asin k= term, so the expression reduces to 0.
38. (a)

1 1

L Vo cos(120mt)dt =

1-0J,

Vo
1207

sin(1207t)

0
Vo

= To0m [sin(1207) — sin(0)]
— VO _ —
T 1207 [0 =07 =0.

383
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() Let’sfind the average of V2 first.

1
V? = Average of V2 = 1 / V2dt
0

1-0
1 1
= —— [ (Vocos(120xt))*dt
1-0/,
1
=Vy / cos” (120mt)dt
0
dzr
Now, let 1207t = x, and dt = .So
1207
2 1207
V2 = 1‘2/871_/0 cos® zdz.
. 1207
Vg 1 .
—m (5COS$SIH1’+§$) . 11-18
B V02 B V02
= 1207007 = 5
2
So, the average of V2 is‘%0 andV = /averageof V2 = %

(© Vo =+2 -V =110v2 = 156 volts.
39. (a) Since R(T) istherate or production, we find the total production by integrating:

N N
/ R(t) dt :/ (A + Be 'sin(2xt)) dt
0 0
N
=NA+ B/ e~ " sin(27t) dt.
0

Leta=—1andb = 2w inll-8.

B N

me_t(— sin(27rt) — 27 COS(27Tt))

— NA+

0

Since N isaninteger (sosin 27N = 0 and cos 2w N = 1),

2w

N
1+47T2(1—6 ).

N
/ R(t)dt=NA+ B
0
Thusthe total productionis NA + 3525 (1 — e~ ™) over thefirst N years.
(b) The average production over thefirst NV yearsis

N _ _—N
/ R(t)dt _ At 2tB (1-—e .
0 N 14472 N

(c) ASN — o0, A + 11’;’32 l‘ﬁ\;N — A, since the second term in the sum goes to 0. Thisiswhy A is called the
average!

(d) When t gets large, the term Be ™" sin(2nt) gets very small. Thus, R(t) ~ A for most ¢, so it makes sense that the
average of fON R(t)dtisAasN — oo.

(e) Thismodel is not reasonable for long periods of time, since an oil well has finite capacity and will eventually “run
dry.” Thus, we cannot expect average production to be close to constant over along period of time.

40. We want to calculate

1
/ Cpsin(nnz) - Cpy, sin(mrz) dz.
0

We use |1-11 from the table of integrals with a = nx, b = mz. Sincen # m, we see that
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1 1
/ U, (z) - U (z)de = CrChy / sin(nwx) sin(mmz) de
0 0

=0

sincesin(0) = sin(nm) = sin(mn) = 0.

Solutions for Section 7.4

_ CuCh
m27r2 _ TL27T2
CnCim

(m? —n?)mw

(nm cos(nmx) sin(mmx) — mmsin(nrz) cos(mnx)) '

0

5 (nﬂ' cos(nm) sin(mm) — mm sin(nm) cos(mm)

—nmcos(0) sin(0) + mm sin(0) cos(O))

385

Exercises

1. Since25 — z? = (5 — z)(5 + ), wetake

giving

Thus A =B =2 and

2. Since6x + 2% = (6 + ), we take

So,

giving

Thus A = 1/6,and B = 5/6 s0

20 = A(5+z) + B(5 — z)
20 = (A— B)z + 5A + 5B,

A—B=0

5A + 5B = 20.
20 _ 2 2
25—22 55— 5S4z

r+1 A B

6z +z2 = +6+:1:'

z+1=A(6+z)+ Br
z+1=(A+ B)x+6A,

A+B=1
6A=1.

6 +z2 6+

1 1/6 5/6
s+l _1/6, 5/
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3. Sincey® — 4y = y(y — 2)(y + 2), wetake

8 _A, B O
y-4dy oy y—2 y+2
So,
8=A(y—2)(y +2) + By(y +2) + Cy(y — 2)
8=(A+B+C)y’+ (2B —20)y — 44,
giving
A+B+C=0
2B —2C =0
—4A4 = 8.
ThusA=-2,B=C=1%
8 -2 1 1

- =4 .
v -4y oy y—2 y+2

4. Sincey® —y? +y—1=(y—1)(y* +1), wetake

2y A By+C
yPB—y2+y—1" y—1 y2+41
So,
2y = A(y* + 1)+ (By+ C)(y — 1)
2y=(A+B)y’+(C-By+A-C,
giving
A+B=0
-B+C =2
A-C=0.

ThusA=C=1,B=-1%
2y 1 1—y

; = + .
Yy-y?+y—-1 y—-1 ¢y2+1

5. Using theresult of Problem 1, we have

/5—x2 /—d+

6. Using the result of Problem 2, we have

/ L /1/6d +/l6md :é(ln|$|+5ln|6+x|)

6 + 2

m:—2ln|5—x|+2ln|5+x|+0.

5

7. Using the result of Problem 3, we have

/ — 1 y—/—dy+/— y—l—/—dy-—21n|y|+ln|y—2|+ln|y+2|+C.

8. Using theresult of Problem 4, we have

Zy 1—
d =1 -1 t ——l 1
/y _y +y_1 / / 241 Y n|y |+arcany n|y_+_ |_+_C




9.

10.

11

12.

7.4 SOLUTIONS

(@) Yes, usex = 3siné.
(b) No; better to substitute w = 9 — 2, 0 dw = —2z dz.

We let
327 —8z+1 A LB L C
2 —4z24+z+6 -2 z+1 x-3
giving
327 —8r+1=A(x+1)(z—3)+ B(x —2)(z —3) + C(z — 2)(z + 1)
327 —8z+1=(A+B+C)z> — (24+ 5B+ C)z —3A + 6B — 2C
SO

A+B+C=3
—2A-5B-C=-8
—-3A+4+6B—2C =1.

Thus, A=B=C=1,%

3z> — 8z +1 dx dx dx
— " _dzr= =1 —2|+1 1| +1 — 3|+ K.
/x3—4x2+x+6 v /x—2+/x+1+/m—3 n e |+Infe+1] +1n e |+

We let
1 __ 1 _4 B O
23 —22  22(x—1) = 22 z-—1
giving
1=Az(z—1)+ Bz —1) + Cz’
1=(A+C)2"+(B- Az —-B
SO
A+C=0
B-A=0
—-B=1.

Thus, A=B=-1,C=1,%0

dzr _ d_x_ d_x+ dzr
3 —x2 T 2 z—1

=—Inlz|+z '+Injz -1+ K.

We |et
10z +2 _ 10z + 2 A +Bm+0
w3 —bx2+x—5 (z—5)(z2+1) x—-5 a2+1
giving
10z +2 = A(z> + 1) + (Bz + O)(z — 5)
10z 42 = (A+ B)z” + (C —5B)z + A — 5C
S0
A+B=0
C-5B =10
A—-5C =2.

Thus, A=2,B=-2,C=0,%0

10z + 2 2 2x Py

387
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13. Division gives

o' +122° + 152% + 250 + 11 . 4z” + 257 + 11
o3+ 1222 + 1z N o3+ 1222 + 11z’
Since z® + 122 4+ 11z = z(z + 1)(z + 11), we write
do’+2%24+11 _A B C
3 +1222 +11lz «  z+1  z+11
giving
42 + 25z +11 = A(z + 1)(x + 11) + Bz(x 4+ 11) + Cz(z + 1)
42° + 252 +11 = (A+ B+ O0)z’ + (12A +11B + C)z + 114
SO
A+B+C=4
12A+11B+C = 25
114 = 11.

Thus, A=B=1,C =20
4 3 2
z® 4+ 12z° + 15z~ + 25x + 11 dx dzr 2dx
d = d B
/ 25+ 1227 + 11z v /m x+/a:+/x+1+/x+11

2
= 5 +infe|+Infe+ 1]+ 2Infe + 11| + K.

14. Division gives

$4+3$3+2$2+1—m2+ 1
x2+ 3z +2 - z2+3x+2°
Sincez? + 3z + 2 = (z + 1)(z + 2), we write
1 1 __ A, B
224+3z+2 (z+1(z+2) =z+1 z+2
giving
1=A(z+2)+B(z+1)
1=(A+B)z+2A+B
SO
A+B=0
2A+B=1.

Thus, A=1,B=-1%s0

x4+3x3+2x2+1d$_ 22 de + dx _ dzr

z2 + 3z + 2 - z+1 z+2
23

:?+ln|m+1|—ln|x+2|+0.

15. Sincez = (3/2) sint, we have dz = (3/2) cos t dt. Substituting into the integral gives

1 1 2
—t+C = 3 arcsin (?x) +C.

1 1 (3 ) /1
= [ ——— (Zcost)dt= [ zdt =
/\/9—4%‘2 /\/9—95in2t 2 2 2

16. Completing the square gives 2 + 4z + 5 = 1 + (z + 2)%. Sincex + 2 = tant and dz = (1/ cos” t)dt, we have

1 1 1
T r = —_— . ——dt = = — 2 )
/a:2+4a:+5dx /1+tan2t cos7 ¢t /dt t+C = arctan(z +2) +C



17.

18.

7.4 SOLUTIONS

Sincez = sint + 2, we have
4r —3 —2° = 4(sint +2) — 3 — (sint 4+ 2)> =1 —sin” ¢ = cos’ ¢
and dxz = cos t dt, so substitution gives

1 1
= costdt = | dt =t+ C = arcsin(z — 2) + C.
/\/41‘—3—1‘2 /\/cos%L / ( )
(@) Substitutew = x? + 10, S0 dw = 2z dx.
(b) Substitute z = /10 tan 6.

Problems

19.

20.

21.

22.

23.

24.

25.

26.

Since z? + 6z + 9 isa perfect square, we write

. S - L de= | — i
w2 4+6x+25 ) (2+6x+9)+16 | (x+3)2+16

We use the trigonometric substitution z + 3 = 4tanf, s0x = 4tan 6 — 3.
Sincey? +3y +3 = (y+3/2)% + (3 —9/4) = (y +3/2)* + 3/4, we have

dy _ dy
y2+3y+3 ) (y+3/2)2+3/4

Substitutey + 3/2 = tanf, oy = (tanf) — 3/2.
Sincez® 4+ 2z + 2 = (z + 1)* + 1, we have

S S U A S
22 4+2c+2 ) (z+12+1

Substitutez + 1 = tanf, oz = (tan6) — 1.
Sincez? + 2z 4+ 2 = (¢ + 1)? + 1, we have

Ldm— Ldm
2+2c+2 ) (z+1)2+1 7

Subgtitute w = (z + 1)?, s0 dw = 2(z + 1) dz.

389

This integral can also be calculated without completing the square, by substituting w = #® + 2z + 2, 0 dw =

2(x + 1) dx.
Since2z — 2 =1 — (z — 1)%, we have

4 1
/\/ﬁdz:4/\/ﬁdz.
Substitute z — 1 = sinf, S0 z = (sinf) + 1.
Since2z — 22 =1 — (z — 1)?, we have
z—1 z—1
VZZ—ZZdZ:/«/l—(z—1)2dZ'
Substitute w = 1 — (z — 1)?, so dw = —2(z — 1) d=.
Sincet® + 4t + 7 = (t + 2)® + 3, we have

/(t +2)sin(t” + 4t + 7) dt = /(t +2)sin((t + 2)° + 3) dt.

Substitute w = (t + 2)* + 3, S0 dw = 2(t + 2) dt.

This integral can also be computed without completing the square, by substituting w = # + 4t + 7, S0 dw

(2t + 4) dt.
Since 62 — 40 = (6 — 2)* — 4, we have

/(2 — ) cos(8” — 40) df = / —(6 —2) cos((6 — 2)” — 4) db.

Substitute w = (6 — 2)* — 4, so dw = 2(6 — 2) db.

Thisintegral can also be computed without completing the square, by substituting w = 6° —46, so dw = (20—4) d6.
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27.

28.

29.
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We write
1 A n B
(z-5)(x—-3) x-5 z-3’
giving
1=A(x—-3)+B(z—5)
1=(A+ B)x— (3A+5B)
)
A+B=0
—3A-5B =1.

Thus, A=1/2,B=-1/2,%0

1 B 1/2 /2 1 1

Since2y? +3y+1= 2y + 1)(y + 1), wewrite

y+2 A n B
2y2 +3y+1  2y+1 y+1’
giving
y+2=Ay+1)+ B2y +1)
y+2=(A+2B)y+ A+ B
)
A+2B =1
A+B=2.

Thus, A=3,B=-1,%

y+2 3 1 3
_y+2 dy— | ——dy=2I|2y+1
/2y2+3y+1 Y /2y+1 Y /y+1 y =52y +1|

Since z® + « = x(z” + 1) cannot be factored further, we write

t+1 _A BetC
2B+ =z 241"

Multiplying by = (x> + 1) gives

t+1=A("+1)+ (Bx+C)zx
t+1=(A+B)z’ 4+ Cr + A,

SO
A+B=0
Cc=1
A=1.

Thus, A=C =1, B = —1,and we have

—Injly+1/+C.

dx

x—i—ldm_ (l —m—i—l z dx
4+ T a:2+1 x2 +1

241

=In|z| — Eln|x +1| +arctanz + K.
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30. Sincez? + x* = 2%(1 + z*) cannot be factored further, we write

r—2 A B Czx+ D
224zt oz 22 1422 °

Multiplying by z*(1 + z?) gives

t—2=Az(1+2°)+ B(1 +2°) + (Cx + D)z°
r—2=(A+C)’+ (B+D)2” + Az + B,

SO
A+C=0
B+D=0
A=1
B=-2

Thus, A=1,B=-2,C =—-1,D = 2, and we have

r—2 1 2 —x+2 dx dx rdr dx
L7 = (-2 = [ o2 2
/mz—f-m“dx /(m x2+1+m2)dx /x /m2 /1+x2+ /1—}-1‘2

:ln|aL‘|—1—z — %ln|1+m2| + 2arctanz + K.
T

31. Letz = 3sinf sodx = 3 cos b db, giving

z? 9sin” 6 (9sin? 0)(3 cos §) .o
/ﬁdﬁ— m3€056d9—/wd9—9/51n 0 de.

Integrating by parts and using the identity cos” 8 4+ sin” § = 1 gives

/sin29d9:—sin9c059+/cos29d9=—sin9c089+/(1—sin29)d9

/sin29d9= —%sinGcosG—i— g + C.

Sincesinf = z/3andcosf = /1 — 22/9 = /9 — x2/3, and § = arcsin(z/3), we have

$2 .2 9 . 9
/ﬁdx—9/81n 9d9——§sm9c089+59+0
T

O — 12
g%—f-garcsin(g)—}-C:—g 9—m2+garcsin(§)+0

9.
2

32. Lety = 5tanf sody = (5/cos® #) df. Since 1 + tan® § = 1/ cos® 6, we have

2 2
y 25 tan” 0 5 2

—7 dy = . do = tan” 6 df.
/ 25 +y2 Y / 25(1 + tan®0) cos?0 5 | tan

Using 1 + tan® # = 1/ cos® 6 again gives

2
Yy _ 2 _ 1 ) _ _
/25+y2 dy—5/tan 6d9_5/(c0526 1) df = 5tand — 56 + C.

In addition, since § = arctan(y/5), we get

2
Y Y
/25+y2 dy =y — Sarctan (5) +C

391
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33. Lett = tand sodt = (1/cos? §)df. Since v/1 + tan2 6 = 1/ cos §, we have

_ 1/cos®6 cos 6 [ cosf a0
= /1 ¥ 7 | tan?0v1 ¥ tan? tan?fcos2f | sin?6

Thelast integral can be evaluated by guess-and-check or by substituting w = sin . Theresult is

cos 9 1

c
/t%/l—kt? /sm 29 sin€+

Sincet = tanf and 1/ cos> @ = 1 + tan” §, we have

1 1
Vi+ttanif Vi+e2

cosf =

In addition, tan # = sin 6/ cos 6 so

t
sinf = tanfcosf = .
V1+t2
Thus
dt 1+¢2
= - +C.
/tQ\/l—f-t2 t

34. Since (4 — 22)%? = (/4= 2?)%, we substitute z = 2sin 6, 0 dz = 2 cos 6 df. We get

dz 2cos 0 db 2cosfdf 1 do 1
- = == = ltanf+C
(4—22)3/2 [ (4—4sin%6)3/2 8cos3f 4 | cos2h 4

Sincesinf = z/2, wehavecosf = /1 — (2/2)2 = (V4 — 22)/2,s0

dz 1 1sinf 1 z/2 z
_— = — ¢ 12 = — =
/(4_22)3/2 1t O et T T iy T
35. The denominator 2° — 3x + 2 can be factored as (x — 1)(x — 2). Splitting the integrand into partial fractions with
denominators (x — 1) and (x — 2), we have

x _ x A B
22-3z+2 (z-1(x—-2) =z-1 z-2

Multiplying by (z — 1)(z — 2) gives the identity
z=A(x—-2)+ B(z—1)

SO
= (A+B)z—2A-B.

Since this equation holds for all z, the constant terms on both sides must be equal. Similarly, the coefficient of = on both
sides must be equal. So

—2A-B=0
A+B=1.

Solving these equations gives A = —1, B = 2 and the integral becomes

T 1 1
———dr = — d. 2
/x2—3x+2x /x—l v /x—

36. Completing the square, we get
’+4r+13=(z+2)>+09.

We use the substitution = + 2 = 3tan ¢, then do = (3/ cos® t) dt. Sincetan®t + 1 = 1/ cos® t, the integral becomes

1 1 3 1 1 z+2
/(m+2)2+9d$_/9tan2t+9.cos2tdt_/§dt_garCtan( 3 )+C.

sdr = —ln|e — 1| + 2In]z - 2| + C.
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38.
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Notice that because isnegativefor 2 < z < 3,

__ [ e
Area= /z(x—l)(m—4)d'

3z __A B _(A+Bx-B-44
(x—1(z—4) 2z—-1 z—-4  (z—1)(z—4)
Multiplying through by (z — 1)(z — 4) gives

3z=(A+B)r — B —4A

3z
(z—1)(z—4)

Using partia fractions gives

s0A=—-1and B =4.Thus
3

8 3z P 4
_/2 mdm:_L (QJ_I—+—x_4)dm:(ln|m—1|—4ln|m—4|) =5In2.

We have
3x + T
Area = —d
/ (x2+1)(z+1) o

32+ Az +B c
2+ D(z+1) 2241  z+1
_(Az+B)(z +1)+C(z® +1)
(z24+1)(x+1)
_(A+0)2’+ (A+B)x+B+C
(z2+1)(z+1) '

Using partia fractions gives

Thus
32> +2=(A+C)2> + (A+ B)z+ B +C,
giving
3=A+C, 1=A4A+4+B, ad 0=B+C,
with solution
A=2B=-1,C=1.
Thus
3¢ +x
A
rea = /(m2 x+1)dx
2r 1 1
_/0 (x2+1_x2+1+x+1) e
1
=In(z” + 1) — arctanz + In |z + 1
0
=2In2 —7/4
39. We have

z
Area = —dz
/0 V1—2z2

393

Letz =sinf sodr = cosfdf and /1 — 22 = /1 —sin” § = cos . Whenz = 0,0 = 0. Whenz = 1/2,6 = 7 /6.

/ 2 ™ .2 /6
T sin” 6 . 2
%da::/ 7c050d0:/ sin” 6 d@
/0 V1—x2 0 \/1—sin%20 0
/6
0 _ V3
g

2 2

_ (9 sin9c089)

ol

0
Theintegral [ sin® § df is done using parts and the identity cos 6 + sin® § = 1.



394

40.

41.

42.
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We have

p)
x
Area = ——dz
/0 V4 —z?
Let z = 2sinf S0 dz = 2cosfdf and /4 — 22 = /4 —4sin’f = 2cosh. Whenz = 0,6 = 0 and when
r=1+2,0=mn/4.

/ﬁ“’isd / _ @sind)’ , cods
o V4—z? \/4—(2sinh)?

/4
8/ sin 0d0:8/ (sin @ — sin 0 cos” ) df
0 0

2 5
:8<§_W§>

/4

3
=8 <—c059+ cos 9)
3
0

3
1
Area= | ——dx
/0 Vi +9

We have

Letz = 3tanf sodz = (3/ cos® A)df and

9sin? 6 3
2 = =
vV + P +9

cos f

Whenz = 0,6 =0andwhenz = 3,0 = 7/4. Thus

/4 /4
/#dx:/ L 3 d9:/ _1 3 d9:/ L i
o VZZ+9 o V9tanZ@ + 9cos’6 o 3/cosf cos?f o cosd

_ 1 |uvEet 11n<1+‘/§>
T2 1/V/2-1 V2-1)°

2
This answer can be simplified to In(1 + +/2) by multiplying the numerator and denominator of the fraction by (v/2 + 1)
and using the properties of logarithms. The integral f (1/ cos 6)d# is done using the Table of Integrals.

zlln
2

sinf + 1
sinf — 1

We have
2 1
Area= —dx.
V3 rVrr 49

Letz = 3tan @ sodx = (3/ cos® §)df and

[ 10— sinf [9sin?6 :95in9
TV rE+9 3cos€\/ cos2 @ +9 cos2@’

Whenz = /3,0 = 7/6 and when z = 3,6 = 7/4. Thus

S S P N -
3 TVT2+9 N /6 9sinf/cos2d cos2h 3 <6 Sin0

_1 1 jcosf—1 _1< 1/V2 - f/2—1>
T3 2 M Coshr1 /6_6 1/f+1 VB2
_1 f f+2

= < )

This answer can be simplified by multiplying the first fraction by (1 —+/2) in numerator and denominator and the second
one by (v/3 + 2). This gives

Area= 6(ln(3—2\/_)+ln(7+4\/_)) 6 In((3 — 2v2)(7 + 4V3)).

Theintegral [(1/sin §)df is done using the Table of Integrals.
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43. (a) Wedifferentiate:

i(_ 1 )_ 1 11 11
tanf/  tan?f cos?f  sin26  cos2H  sin’@’
cos? @

do
1 1
/sin20d0 " tanf +

(b) Lety = /5sinf sody = /5 cos § df giving

/ / V5 cos 6 P / V5 cos 6
\/5— 5sin?64/5 — 5sin? sin® /5 cos 6

Thus,

1
_g/sm 9d0_ 5tan9+c
Sincesin § = y/\/5, wehavecos 6 = \/1 — (y/V/5)? = /5 —y2/V/5. Thus,
V5—y R
/ dy 1 C=_ /\/_ L1O=_ Y L

=- +
5—y2 5tané (y/\/_) 5y

44. Using partid fractions, we write
1 A B

1—22 :1+x+1—x
1=A(1-2z)+B(l+z)=(B—-A)z+ A+ B.

So,B—A=0and A+ B =1,gvingA =B =1/2.Thus

dx 1 1 1 1
— = - =—(In]1 —1In|l —
/1—1‘2 2/(1+m+1—x)dx 2(n| +z|—In]| z|)+C

Using the subgtitution = sin 6, we get dz = cos 6 df, we have

dx cos 0 cos f 1
/l—gt2 _/1—Sin29d9_/COSQGde_/COSGdH

The Table of Integrals Formula 1V-22 gives

dx 1 1
= df = =1
/l—alc2 /cos€ 2n

The properties of logarithms and the fact that | — 1| = |1 — 2| show that the two results are the same:

(sinf) + 1 _1
Gng—1| ¢~

1 z+1| 1
Eln‘ _1‘ =3 (In|1+2z|—In1—2z|).
45. (a) Wewant to evaluate the integral
T_/“/2 kdz
0 (a —z)(b—x)
Using partial fractions, we have
k c D

(a —z)(b—x) _a—m+b—x
k=C(b—-1z)+ D(a—1x)
—(C+ D)z +Cb+ Da

=—-(C+D)
k = Cb+ Da,
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giving

Thus, the time is given by

oo [P kdw K “/2( 11 )dm
)y, (a—z)b—=z) b—a a—xr b—=zx

k a/2
:m(—ln|a—91:|—|—1n|b—mc|)0
kK b—x||*/?

_b—an a—2xllp

k 2b—a b
=5 (n(5) -1 (2)
b—a a a
_k In (2b—a)
T b—a b '
(b) A similar calculation with ¢ instead of a/2 leads to the following expression for the time
o kdz k
T:/ = In
o (@a—z)b—1x) b-—a
k b
=i (il (0):
Aszo — a, thevalue of |a — zo| = 0, 0 |b — 20| /|a — 0| — co. Thus, T' — oo aszo — a. In other words, the

time taken tendsto infinity.
46. (a) Wecdculatetheintegral using partial fractions with denominators P and L — P:

_k _A B
PL-P) P L-P
k= A(L — P) + BP

k= (B— AP+ AL.

o

b—x

a—T

0
b—l‘o
a — Xo

Thus,

B-A=0
AL =k,

s0 A = B = k/L, and thetimeis given by

/”2 kdP
T: _—
L. PL—P)

L/2 L/2
/ (1+L) P = E(1n|P|—1n|L—P|)‘
_ L L

HORNURNCRNC R

(b) A similar calculation gives the following expression for the time:

T= %(ln|P| —In|L - P|) (In|Py| —In|L — P3| —In || +In|L — Py|).

Py k
W=T

If P, » L,then L — P, — 0,0In P, = In L, and In(L — P») — —oo. Thusthe time tends to infinity.
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Solutions for Section 7.5

Exercises

1. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the |eft-hand
endpoint. See Figure 7.2. We see that this approximation is an underestimate.

] .

a b

Figure 7.2

(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand
endpoint. See Figure 7.3. We see that this approximation is an overestimate.

a b
Figure 7.3

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect-
ing the two endpoints. See Figure 7.4. We see that this approximation is an overestimate.

a b

Figure 7.4
(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at

the midpoint. Both interpretations are shown in Figure 7.5. We see from the tangent line interpretation that this
approximation is an underestimate

Figure 7.5
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2. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand
endpoint. See Figure 7.6. We see that this approximation is an overestimate.

a b

Figure 7.6

(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand
endpoint. See Figure 7.7. We see that this approximation is an underestimate.

a b

Figure 7.7

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect-
ing the two endpoints. See Figure 7.8. We see that this approximation is an underestimate.

a b

Figure 7.8

(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at
the midpoint. Both interpretations are shown in Figure 7.9. We see from the tangent line interpretation that this
approximation is an overestimate.

~N

AN
N

Figure 7.9
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3. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand
endpoint. See Figure 7.10. We see that this approximation is an underestimate.

a b

Figure 7.10

(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand
endpoint. See Figure 7.11. We see that this approximation is an overestimate.

a b

Figure 7.11

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect-
ing the two endpoints. See Figure 7.12. We see that this approximation is an underestimate.

a b
Figure 7.12

(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at
the midpoint. Both interpretations are shown in Figure 7.13. We see from the tangent line interpretation that this
approximation is an overestimate.

7
|
|
|
|
|
|
|
|
|

IS
o
IS}
o

Figure 7.13
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4. (a) The approximation LEFT(2) uses two rectangles, with the height of each rectangle determined by the left-hand
endpoint. See Figure 7.14. We see that this approximation is an overestimate.

t‘\ -

a b

Figure 7.14

(b) The approximation RIGHT(2) uses two rectangles, with the height of each rectangle determined by the right-hand
endpoint. See Figure 7.15. We see that this approximation is an underestimate.

S

a b

Figure 7.15

(c) The approximation TRAP(2) uses two trapezoids, with the height of each trapezoid given by the secant line connect-
ing the two endpoints. See Figure 7.16. We see that this approximation is an overestimate.

N

a b

Figure 7.16

(d) The approximation MID(2) uses two rectangles, with the height of each rectangle determined by the height at the
midpoint. Alternately, we can view MID(2) as a trapezoid rule where the height is given by the tangent line at
the midpoint. Both interpretations are shown in Figure 7.17. We see from the tangent line interpretation that this
approximation is an underestimate.

Figure 7.17
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5. (a) Since two rectangles are being used, the width of each rectangle is 3. The height is given by the left-hand endpoint
so we have
LEFT(2) = f(0) -3+ f(3)-3=0-3+3%-3 = 27.
(b) Since two rectangles are being used, the width of each rectangle is 3. The height is given by the right-hand endpoint
so we have
RIGHT(2) = f(3) -3+ f(6)-3=3%-3+6" -3 = 135.
(c) Weknow that TRAP isthe average of LEFT and RIGHT and so

TRAP(2) = 7272135 = 81.
(d) Sincetwo rectangles are being used, the width of each rectangleis 3. The height is given by the height at the midpoint
so we have
MID(2) = f(1.5) -3+ f(4.5) -3 = (1.5)> - 3 + (4.5)> - 3 = 67.5.

6. (a)
LEFT(2)=2-f(0)+2- f(2)
=2-142-5
=12
RIGHT(2) =2- f(2) +2- f(4)
=2-542-17
=44
(b)
flz)=22+1 flz)=22+1
Area shaded Area shaded
=LEFT(2) =RIGHT(2)
x T
2 4 2 4
LEFT(2) is an underestimate, while RIGHT(2) is an overestimate.
7. (8
MID(2) =2- f(1)+2- f(3)
=2-242-10
=24
TRAP(2) = LEFT(2) +2RIGHT(2)
= # (see Problem 6)
=28
(b)
flz)=22+1 flz)=22+1
Area shaded Area shaded
=MID(2) =TRAP(2)
_/l x T T
2 4 2 4

MID(2) is an underestimate, since f(z) = 2> + 1 is concave up and a tangent line will be below the curve.
TRAP(2) is an overestimate, since a secant line lies above the curve.
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Problems

8. (@ (i) Let f(x) = —t5. Theleft-hand Riemann sum is

s(10+1(5)+1(5)++1(5))

(B0 e e e
T 8\64 65 68 73 80 89 100 113

~ 8(0.1020) = 0.8160.

(ii) Let f(z) = 7= Theright-hand Riemann sum is

1 1 2 3

sUGE)+H(§)+7(5) + i)

L(S, 68, 61,00, 61, 6, 6, )

T 8\65 68 73 80 89 100 113 = 128
1

=~ 0.8160 — — = 0. .

0.8160 6 0.7535

(iii) Thetrapezoid rule gives us that

TRAP(8) = LEFT(8) ZRIGHT(S) ~ 0.7847.

(b) Sincel + z? isincreasing for z > 0, S0

122 is decreasing over the interval. Thus

1
RIGHT(8) < / % dz < LEFT(8)
o 1+

0.7535 < g < 0.8160
3.014 < 7 < 3.264.

9. Let s(t) bethedistance traveled at time¢ and v(¢) be the velocity at time ¢. Then the distance traveled during the interval
0<t<6is

6

s(6) — s(0) = s(t)

0

6
= / s'(t)dt (by the Fundamental Theorem)
0

= /GU(t) dt.

We estimate the distance by estimating this integral.
From the table, we find: LEFT(6) = 31, RIGHT(6) = 39, TRAP(6) = 35.

10. Since the function is decreasing, LEFT is an overestimate and RIGHT is an underestimate. Since the graph is concave
down, secant lines lie below the graph so TRAP is an underestimate and tangent lines lie above the graph so MID isan
overestimate. We can see that MID and TRAP are closer to the exact value than LEFT and RIGHT. In order smallest to
largest, we have:

RIGHT(n) < TRAP(n) < Exact value < MID(n) < LEFT(n).

11. For adecreasing function whose graph is concave up, the diagrams below show that RIGHT < MID < TRAP < LEFT.
Thus,

(@) 0.664 = LEFT, 0.633 = TRAP, 0.632 = MID, and 0.601 = RIGHT.
(b) 0.632 < truevalue < 0.633.



12.
13.
14.
15.
16.

17.

18.

10.
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AN

RIGHT = 0.601 MID = 0.632 TRAP = 0.633 LEFT = 0.664

fz
fz

isincreasing, so RIGHT gives an overestimate and LEFT gives an underestimate.

is concave down, so MID gives an overestimate and TRAP gives an underestimate.

f(x) isdecreasing and concave up, so LEFT and TRAP give overestimates and RIGHT and MID give underestimates.
f(z) isconcave up, so TRAP gives an overestimate and MID gives an underestimate.

(@) Since f(z) iscloser to horizontal (that is, |f'| < |¢'|), LEFT and RIGHT will be more accurate with f(x).
(b) Since g(z) has more curvature, MID and TRAP will be more accurate with f(z).

(@) TRAP(4) gives probably the best estimate of the integral. We cannot calculate MID(4).

N

LEFT(4) =3-100+3-97 +3-90 + 3 - 78 = 1095
RIGHT(4) =3-97+3-90+3-78 +3- 55 = 960

TRAP(4) = w — 1027.5.

(b) Because there are no points of inflection, the graph is either concave down or concave up. By plotting points, we see
that it is concave down. So TRAP(4) is an underestimate.
27

27
(a)/ sinfdf = —cosf| =0.

0 0
(b) MID(1) is0 since the midpoint of 0 and 27 is 7, and sin = = 0. Thus MID(1)

= 27 (sin7) = 0. The midpoints we
usefor MID(2) aren /2 and 37 /2, and sin(7/2) = —sin(37/2). ThusMID(2) =

wsin(mw/2) + wsin(3w/2) = 0.

(c) MID(3) = 0.

In general, MID(n) = 0 for all n, even though your calculator (because of round-off error) might not return
it as such. Thereason isthat sin(z) = —sin(27w — z). If we use MID(n), we will always take sums where we are
adding pairs of the form sin(z) and sin(27 — ), so the sum will cancel to 0. (If » is odd, we will get asin 7 in the
sum which doesn’t pair up with anything — but sin 7 isaready 0.)

(@ R
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The graph of y = /2 — 22 is the upper half of a circle of radius v/2 centered at the origin. The integral
represents the area under this curve between the linesz = 0 and x = 1. From the picture, we see that this area can
be splitinto 2 parts, A; and A». Noticesince OQ = QP = 1, AOQP isisosceles. Thus ZPOQ = LROP = 7,
and A, isexactly ¢ of theentirecircle. Thusthe total areais

2 1.1

1
Area= A; + A, = gw(\/i) + ===+

N
N =

(b) LEFT(5) ~ 1.32350, RIGHT(5) ~ 1.24066, T
TRAP(5) ~ 1.28208, MID(5) ~ 1.28705

Exact value =~ 1.285398163

Left-hand error ~ —0.03810, Right-hand error ~ 0.04474,
Trapezoidal error ~ 0.00332, Midpoint error ~ —0.001656

Thusright-hand error > trapezoidal error > 0 > midpoint error > left-hand error, and |midpt error| < |trap error| <
|left-error| < |right-error]|.
20. We approximate the area of the playing field by using Riemann sums. From the data provided,
LEFT(10) = RIGHT(10) = TRAP(10) = 89,000 square feet.

Thus approximately
89,000 sq. ft. -
200 sa. fUIb. <. fuib, 445 |bs. of fertilizer
should be necessary.
21
|
|
|
|
|
|
| |
| |
| |
| |
| |
| \
l |
a=zxo T1 To Tpno1 Tpn=2>0

From the diagram, the difference between RIGHT (n) and LEFT (n) is the area of the shaded rectangles.
RIGHT(n) = f(z1)Az + f(z2)Az + - + f(zn)Ax
LEFT(n) = f(zo)Az + f(z1)Az + - + f(zn-1)Azx
Notice that the terms in these two sums are the same, except that RIGHT (n) contains f(z,)Az (= f(b)Az), and
LEFT(n) contains f(xzo)Az (= f(a)Ax). Thus

RIGHT(n) = LEFT(n) + f(zn)Az — f(xo)Ax
= LEFT(n) + f(b)Az — f(a)Ax

22.

LEFT(n) + RIGHT(n)
2
LEFT(n) + LEFT(n) + f(b)Az — f(a)Ax
2

TRAP(n) =

— LEFT(n) + %(f(b) — f(a))Az



7.5 SOLUTIONS 405

23.
a=1tot1 tx t3 t4 ton =b
o 1 T2 T
Divide the interval [a, b] into n pieces, by zo, z1, 22, ..., z,, and aso into 2n pieces, by to, t1,t2,. .., t2n. Then
the z’s coincide with the even t's, 0 xo = to, 21 = ta, T2 = t4, ..., Tn = t2y aNd At = LAz

LEFT(n) = f(xo)Az + f(z1)Az + -+ + f(xn—1)Az
Since MID(n) is obtained by evaluating f at the midpoints ¢1, ¢3, ts, . . . of the z intervals, we get
MID(n) = f(tl)A:L' =+ f(tg)Am + -+ f(th_l)A:L'

Now
LEFT(ZH) = f(to)At =+ f(tl)At + f(tQ)At e f(thfl)At.
Regroup terms, putting all the even ¢’sfirst, the odd ¢'s last:

LEFT(?R) = f(to)At + f(tQ)At 4+ -+ f(tznfz)At + f(tl)At + f(tg)At + -4 f(thfl)At

A A A A A A
= fl@o) 5 + @) T 4+ ) 5+ F0) T+ F(t) 5+ fltann) 5
LEF"}r(n)/Q MID‘(rn)/Z

LEFT(2n) = %(LEFT(n) + MID(n))

1

24. Whenn =10, wehavea = 1;b = 2; Az = &; f(a) = 1; f(b) = 3.
LEFT(10) = 0.71877, RIGHT(10) ~ 0.66877, TRAP(10) = 0.69377
We have
RIGHT(10) = LEFT(10) + f(b)Az — f(a)Az = 0.71877 + 15(3) — 15(1) = 0.66877, and TRAP(10) =
LEFT(10) + &2 (f(b) — f(a)) = 0.71877 + (3 — 1) = 0.69377,
so the equations are verified.

25. First, we compute:

I
o
=
|
—_
N
N\
Slw
N——
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RIGHT(10) = LEFT(10) + 24 = 3.156 + 2.4 = 5.556.

TRAP(10) = LEFT(10) + 1(2.4) = 3.156 + 1.2 = 4.356.

LEFT(20) = 1 (LEFT(10) + MID(10)) = 1(3.156 + 3.242) = 3.199.
RIGHT(20) = LEFT(20) + 2.4 = 3.199 + 1.2 = 4.399.

TRAP(20) = LEFT(20) + 1(1.2) = 3.199 + 0.6 = 3.799.

Solutions for Section 7.6

Exercises

1. We saw in Problem 5 in Section 7.5 that, for this definite integral, we have LEFT(2) = 27, RIGHT(2) = 135, TRAP(2) =
81, and MID(2) = 67.5. Thus,

2MID(2) + TRAP(2)  2(67.5) + 81
3 - 3 a

6 3
/ xdezx—
0 3 0

and so SIMP(2) gives the exact value of the integral in this case.
2. (a) From Problem 7 on page 401, for f04(x2 + 1) dz, we have MID(2)= 24 and TRAP(2)= 28. Thus,

SIMP(2) = 72.

Notice that

2MID(2) + TRAP(2)

SIMP(2) = 3
_2(24) + 28
N 3
_T6
=3
(b) ) \
3
2 x 64 ) 76
/0(x+)m <3+m>0 (3+ (0+0) 3
(c) Error= 0. Simpson’s Rule gives the exact answer.
Problems
3 @ Table 7.1 Errorsfor the left and right rule

approximations to ff L dr =0.6931471806 . . .

n LEFT(n) | Lefterror |[ RIGHT(n) | Right error
2 |} 0.833333 | —0.14019 |[ 0.583333 | 0.10981
4 0.759524 | —0.06638 || 0.634524 0.05862
8 0.725372 | —0.03222 || 0.662872 0.03028
16 |[ 0.709016 | —0.01587 |[ 0.677766 | 0.01538
32 || 0.701021 | —0.00787 || 0.685396 | 0.00775
64 | 0.697069 | —0.00392 || 0.689256 0.00389
128 || 0.695104 | —0.00196 || 0.691198 | 0.00195

(b) The left errors are negative and the right errors are positive. This occurs because f(z) = 1/« is decreasing, meaning
that the left sums are overestimates and the right sums are underestimates. Doubling n approximately halvesthe error.
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Table 7.2 Errorsfor the trapezoid and midpoint rule
approximationsto [ 1 dz = 0.6931471806 . ..

n TRAP(N) Trap error MID(n) Mid error
2 0.708333 —0.01518 0.685714 | 0.00743
4 0.697024 | —0.00387 || 0.691220 | 0.00193
8 0.694122 | —0.00097 || 0.692661 | 0.00049
16 | 0.6933912 | —0.000244 ([ 0.6930252 | 0.000122
32 || 0.6932082 | —0.000061 || 0.6931166 | 0.000031
64 | 0.6931624 | —0.000015 ([ 0.6931396 | 0.000008
128 || 0.6931510 | —0.000004 || 0.6931453 | 0.000002

(d) The trapezoid errors are negative because f(xz) = 1/x is concave up, and thus, the trapezoids overestimate. The

C)

4. (a)
(b)

5 (@
(b)

©

(d)

midpoint errors are positive. Doubling n approximately quarters the error.
Table 7.3  Errorsfor Smpson’srule
for [ 1 de = 0.6931471806. ..

n SIMP(n) error

2 || 0.69325396825 | —0.000106788
4 || 0.69315453065 | —0.000007350
8 || 0.69314765282 | —0.000000472
16 || 0.69314721029 | —0.000000030
32 || 0.69314718242 | —0.000000002

The error is multiplied by approximately 1/16 when n is doubled.

2 4 2
/ («® + 32%) dz = (% + :1:3>

0
SIMP(2) = 12.
SIMP(4) = 12.
SIMP(100) = 12.
SIMP(n) = 12 for al n. Simpson’s rule always gives the exact answer if the integrand is a polynomial of degree

less than 4.
4

/ e"dr =e”| =e* —e® ~53.508....

0 0
Computing the sums directly, since Az = 2, we have
LEFT(2=2 e +2-¢e% =~ 2(1) + 2(7.389) = 16.778;
RIGHT(2)=2-¢® + 2 - e* = 2(7.389) + 2(54.598) = 123.974;
16.778 4+ 123.974

=12.
0

4

error = 36.820.
error = —70.376.

TRAP(2)= =70.376; error = 16.778.
MID(2)=2-e' +2-e3 ~ 2(2.718) + 2(20.086) = 45.608; error = 7.990.
SIMP(2)= 2(45'608)3+ 70.376 _ 53.864; error = —0.266.

Similarly, since Az = 1, we have LEFT(4)= 31.193; error = 22.405

RIGHT(4)= 84.791; error = —31.193

TRAP(4)= 57.992; error = —4.394
MID(4)= 51.428; error = 2.170
SIMP(4)= 53.616; error = —0.018

For LEFT and RIGHT, we expect the error to go down by 1/2, and thisis very roughly what we see. For MID and
TRAP, we expect the error to go down by 1/4, and this is approximately what we see. For SIMP, we expect the error
to go down by 1/2* = 1/16, and thisis approximately what we see.

6. Here, the error in the approximation using n = 10 is4 — 2.346 = 1.654.

@

Sincetheerror in the LEFT approximation is proportional to 1/rn, when wetriplen from 10 to 30 the error is divided
by 3, so the error hereis 1.654/3 = 0.551333, giving LEFT(30) = 4 — 0.551333 ~ 3.449.
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(b) The procedure here is identical to part (a), except that the TRAP error is proportiona to 1/n?, so the error in
TRAP(30) will be 1.654/3% = 0.183778, giving TRAP(30) = 4 — 0.183778 ~ 3.816.
(c) For SIMP, the error will be 1.654/3* = 0.0204198, giving SIMP(30) = 4 — 0.0204198 =~ 3.980.

7. (a) For the left-hand rule, error is approximately proportional to <. If we let n,, be the number of subdivisions needed
for accuracy to p places, then there is a constant & such that

5x10*5:1x10*4z£
2 n4
5x10‘9=1x10‘8z£
2 ns
5x 107" = Ly 10712 =~ L
2 nia
5x 1072 = Ly 10720 ~ L
2 n20

Thustheratiosn : ng : nia : n2o &~ 1: 10* : 10% : 105, and assuming the computer time necessary is proportional
to n,, the computer times are approximately

4 places: 2 seconds

8 places: 2 x 10* seconds ~ 6 hours

12 places: 2 x 10® seconds ~ 6 years

20 places: 2 x 10'® seconds ~ 600 million years

(b) For thetrapezoidal rule, error isapproximately proportional to n—12 If welet V,, be the number of subdivisions needed
for accuracy to p places, then thereis a constant C' such that

_ 1 4 C
10°==2x10"*"~ =
5x 10 2><0 N
_ 1 _ C
107°=2x10"%~ —
5 x 10 2><0 N2
5x10‘13=1x10‘”zi2
2 Nia
5x 102! :1x10*2°z ¢
2 Noap?

Thus theratios N42 : Ng2 : N1o2 : Nog? ~ 1:10% : 10% : 10*®, and theratios Ny : Ng : Nia : Nyg ~ 1 : 10% :
10* : 10®. So the computer times are approximately

4 places: 2 seconds

8 places: 2 x 10? seconds ~ 3 minutes
12 places: 2 x 10* seconds ~ 6 hours
20 places: 2 x 10® seconds ~ 6 years

8. We assume that the error is of the same sign for both LEFT(10) and LEFT(20); that is, they are both underestimates or
overestimates. Since LEFT(20) < LEFT(10), and LEFT(20) is more accurate, they must both be overestimates.

| | |
actlual LEFT|(20) LEFT|(10)

We assume that LEFT(10) istwice as far from the actual value as LEFT(20). Thus

Actual — LEFT(20) = LEFT(20) — LEFT(10)
Actual = 2 LEFT(20) — LEFT(10)
= 0.34289.

Thus the error for LEFT(10) is0.04186.
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9. Since the midpoint rule is sensitive to ', the simplifying assumption should be that f’ does not change sign in the
interval of integration. Thus MID(10) and MID(20) will both be overestimates or will both be underestimates. Since the
larger number, MID(10) isless accurate than the smaller number, they must both be overestimates. Then the information
that ERROR(10) = 4 x ERROR(20) means that the the value of the integral and the two sums are arranged as follows:

ERROR(10)

| ERROR(20) | 3 ERROR(20) |
I I [
actual MID(20) MID(10)

Thus
3 x ERROR(20) = MID(10) — MID(20) = 35.619 — 35.415 = 0.204,
s0 ERROR(20) = 0.068 and ERROR(10) = 4 x ERROR(20) = 0.272.
10. Since TRAP(n) seems to be decreasing as n increases, we can assume that TRAP(10) and TRAP(30) are both overes-

timates. We know that the error in the trapezoid rule is approximately proportional to 1/»*. In going from n = 10 to

n = 30, n ismultiplied by 3 and so we expect the error to go down roughly by afactor of 1/3%, or 1/9. Therefore, if we
let d = |error(30)|, then we have 9d ~ |error(10)]|.

I 9d |
I|<—d t 8d y

exact TRAP(30) TRAP(10)

We see from the figure above that the difference between TRAP(10) and TRAP(30) is 8d, so

8d = TRAP(10)—TRAP(30)
8d = 12.676 — 10.420
d = 0.282.
Since d isthe magnitude of the error for TRAP(30), and since the exact vaueis less than TRAP(30), we have

Exact ~ TRAP(30) — d
= 10.420 — 0.282
= 10.138.

The exact value! of the integral is about 10.138.
11. (@) If f(xz) =1, then

b
/ f(z)dz = (b—a).
Also,

§<@+2f(m)+@> _boa (l+2+l)=(b—a).

So the equation holds for f(z) = 1.
If f(z) =, then

Also,

h [ f(a) f(b) b—a (a a+b b
5(7*”“"“7)2 5 (325 +3)

1This method of improving numerical estimates is essentially equivalent to Richardson’s /2 extrapolation, also called extrapolation to the
limit. See, for instance, Survey of Numerical Analysis, ed. John Todd, (New York: McGraw-Hill, 1962).
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b—a (a b
-3 (§+“+b+§)
_ b—a (§b+§a)

3 2 2

b2 — a®
T2
So the equation holds for f(z) = z.
b x?’b b — a®
Iff(x):xz,then/ f(x)dmz; . Also,
b M+2f(m)+w _boa a—2+2(“+b)2+ﬁ
3 2 2 /7 3 2 2 2
b—a (a®> a>+2ab+0b> B
- 3<7+——7——+7
_b—a 2a% + 2ab + 2b°
T3 2
b—a 2 2
= 3 (a +ab+b)
b2 — a®
-3

So the equation holds for f(z) = 2°.
(b) For any quadratic function, f(z) = Az + Bx + C, the “Facts about Sums and Constant Multiples of Integrands’

give us:
b b b b b
/f($)dx=/(Ax2+Ba:+C)da:=A/ a:zdx+B/ a:da:+C/ 1dz.

Now we use the results of part (a) to get:

b 2 2
/ f(x)dx:Ag <%+2m2+b—> + Bl (9+2m+9)+cg (1+2-1+1)

2 3 \2 2 2 2
2 2
_h (Aa +Ba+C oy am® 4 By o)+ A2 +Bb+C>
3 2 2
_h(fl) (%)
—3< 5 +2f(m) + 5

12. (a) Suppose ¢;(x) is the quadratic function approximating f(z) on the subinterval [z;, zi+1], and m; is the midpoint
of theinterval, m; = (z; + zi+1)/2. Then, using the equation in Problem 11, witha = z; and b = z;41 and
h=Azxz= Ti+1 — Tj.

/mﬁwwz/mE@mz%(%?+mmmﬂ¥?§.

i i

(b) Summing over all subintervals gives

b n—1 T4 n—1 (s (@i
/ f(l‘)dmzZ/ + qi(x)dxzz% <%+2qi(mi)+ ai( 2+ )> .

=0
Splitting the sum into two parts:

n—1 n—1
2 . 1 qi(z:) + qi(xit1)
3 270 qi(m;)Az + 3 270 5 Az

- % MID (n) + % TRAP(n)

= SIMP(n).
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Solutions for Section 7.7

Exercises

1. (a) SeeFigure7.18. The area extends out infinitely far along the positive z-axis.

y y

T T

Figure 7.18 Figure 7.19

(b) SeeFigure 7.19. The area extends up infinitely far along the positive y-axis.
2. We have

0o b
/ e " dy = lim e~ dy = lim (—2.5¢""")[g = lim (=2.5¢7*" 4+ 2.5).
0 b— oo b— oo

b— oo 0

~0-4b _, () and so we see that the integral converges to 2.5. See Figure 7.20. The area continues

Asb — oo, we know e
indefinitely out to the right.

e—O.4z

Figure 7.20

3. () Weuseacalculator or computer to evaluate the integrals.
When b = 5, we have [ ze™"dz = 0.9596.
When b = 10, we have [ ze =" dz = 0.9995.
When b = 20, we have [** ze~"dz = 0.99999996.
(b) It appears from the answers to part (a) that f0°° ze “dx = 1.0.
4. (a) SeeFigure7.21. Thetotal areaunder the curve is shaded.

1

| |
-4 -3 -2 -1 1 2 3 4

Figure 7.21

(b) Whena = 1, we use a calculator or computer to see that f_ll e ™" dz = 1.49365.
Similarly, we have:
When a = 2, the value of theintegral is1.76416.
When a = 3, the value of theintegral is1.77241.
When a = 4, the value of the integral is1.77245.
When a = 5, the value of theintegral is1.77245.
(o) It appearsthat theintegral [~ e~*" dzx converges to approximately 1.77245.
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5. We have
oo b
1 1 1
dr = li dr = li -1 2
/1 5o b;n;/I st = Jim (G Ge +2)

Asb < oo, we know that In (56 + 2) — oo, and so thisintegral diverges.
6. We have

b

= lim (%ln(5b+2) — %ln(?)) .

1 b— oo

0o b b
1 1 -1 -1 -1 1 1
————dx = 1li ———dxr =1l ( ) =1l (———):0 ===
/1 (z+2)° T L (@ +2)? TN z+2/ b b+2 3 +3 3
Thisintegral convergesto 1/3.
7. We have

o 2 b 2 —1 _,2\| -1 42 -1
/ ze ® dr = lim re " dr = lim (—e_’” ) = lim (—e_ — —) =0+
0 b— o0 0 b—oo 2

Thisintegral convergesto 1/2.

b

b— oo b— oo 2

oo b 6_2I
_9 . —2 .

/ e”““dr = lim e “dr = lim —

1 1

1
= lim (—e */2+e7%/2) =0+e ?/2=¢?/2,

b— oo

where the first limit is 0 because lim, o e ™% = 0.
9. Using integration by partswith w = z and v' = e~ %, we find that

/xe_m de = —ze™ " — / —e "dr=—(1+x)e” "

10.
b

o1 2, 1
= lim ~In[4+b"| — - 1Inb.
T g i gins

<z g 1
—_— l. —d :l _l 4 2
/1 4+$2 blglo/lr 4+$2 X big;?n| +1‘|

Asb — oo, In |4 + b?| — oo, S0 the limit diverges.

11.
0 z 0 x
/ © — dr = lim / © p dx
_eo Lte b=—oo [ 1+

0

lim In|l+ €
b——oc0

b
o1+ e’ —In|l + €]

lim
b— —o0

In(1+1)—-In(1+40)=In2.
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12. First, we notethat 1/(z2 + 25) isan even function. Therefore,

< dz 0 dz * dz < dz
; = + —— =2 — Q-
e 225 oo 2225 o 22+25 0 22+25

We'll now evaluate thisimproper integral by using alimit:

< dz . 1 1 1 x m
/0 o bl:rrolo (5 arctan(b/b) — 5 arctan(O)) =5 2= 10
So the original integral istwice that, namely = /5.
13. Thisisanimproper integral because /16 — 22 =0 at x = 4. SO
/4 dz - lim /b dx
o V16 —1xz2 b—a- Jo /16 — 22
b
= lim (arcsinz/4)
b—4— 0
= lim [arcsin(b/4) — arcsin(0)] = 7/2 — 0 = 7/2.

b—4—

14.

/2 . b .
/ sinx d li s x d
T 1m T
x/4 4/COS T b—m/2— x/4 4/COST

b
= lim —/ (cosz) ™ /*(—sinz) da

b—mw /2™ /4
b
= lim —2(cosz)"/?
b—m/2— _—n
= lim [—2(cosb)/? + 2(cosw/4)"/?]
b—m/2—

VI\® s

15. Thisintegral isimproper because 1/v isundefined at v = 0. To evaluate it, we must split the region of integration up into
two pieces, from 0 to 1 and from —1 to 0. But notice,
1
= —Inb.
b

"1 "1
/ —dv = lim —dv= lim |lnv
o Y b—ot J, U b—0+
Asb — 0T, this goes to infinity and the integral diverges, so our original integral also diverges.
16.

1

= lim [1/4 - (a"/4 +1na)],

a—0t

1

4 4
lim v 1 dr = lim (x—+lnx)
a—=o0t Jo T a—ot 4

which divergesasa — 0, sincelna — —oo.

17.
=] b
21 dr = lim ‘;dm
, rr+1 b—oo J, 2 +1

b

= lim arctan(z)
b—o0

1

= lim [arctan(b) — arctan(1)]
b— o0

=7/2—n/4=n/4
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18.

i 1 1
—— dz = lim —dx
/1 Vi +1 b%o/l Viz +1

= lim In r2+1
b— o0

= lim In(b+ /b2 + ln1+\/_).

Asb — oo, thislimit does not exist, so the integral diverges.
19. WeuseV-26 witha =4 andb = —4:

| b
du = 1li ——d
/0 u? — 16 v b—lgl— u? — 16 v

= l. 7d
i J, =D+ "

-~ (nfu—4]—Inju+4)|
= lim
b—4— 8

0

= lim 1(ln|b—4|+ln4—ln|b+4| —In4).
b—>4— 8

Asb — 47 ,1In |b — 4] — —o0, so thelimit does not exist and the integral diverges.

20.
Ty
dy = 1
/1 i1 bi>r2<>2/

li —acta 2
Jm gar ol

1

1
lim =[arctan(b®) — arctan 1]
b—o0 2

(1/2)[r/2 — 7/4] = /8.

21. With the substitution w = In z, dw = %dm,

/ du :/%dw:ln|w|+C:ln|lnx|+C

zlnzx

< dx . b dx
lim
, Tlnr b5 [, zlnz

2
b

lim In|Ilnz|
b—oco N
= lim [In|lnb| — In|In 2|].
b—oo
Asb — oo, thelimit goes to co and hence the integral diverges.
22. With the substitution w = In z, dw = 1dm,

/lnx Z/wdw:%w2+02%(lnm)2+0

1 1
/ ln—mdx— lim ln—mdm— lim 1[ln( )’ = lim —%[ln(a)]2.

a—0t xr a—0t @ a—0t

Asa — 07, Ilna — —oo, S0 theintegral diverges.
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23. Thisisaproper integral; use V-26 in the integral tablewitha = 4 and b = —4.

20 1 20 1
iy = / -
ZG y2 —16 16 (y - 4) (y + 4)

In|ly —4| —In|y + 4| 20

8
16
_ In16 —In24 — (In12 — In 20)
- 8

_ w _ %111(10/9) =0.01317.

24, AsinProbIele,/d—x =In|lnz|+C,
rlnx

2 2
dzr . dx
= lim
. rlnz  po1t+ f, zlnz

2

= lim In|lnz|
b—1+ b

= lim In(ln2) — In(Inb).

b—1+

Asb — 17, In(Inb) — —oo0, so theintegral diverges.
25. Using the substitution w = —2%, —2dw = ¢~ % dz,

So
T 1 - ] T 1 s
—e dr = lim —e dx
/0 \/5 b—0+ b \/5
= lim —2 V%
b—0+

b

=22 V"

26. Lettingw = Inz, dw = %dm,

I RS
/m(lnm)z_/w dw=—-w" " +C= lnx+c’

* dr lim " de
s z(nz)?2 oo [, z(lnz)?

b— oo Inb  In3
1
= m

27.

/Q#da:— lim /b#da:
o VA—xZ  eoe- J) JA—2?

b

. . T
= lim arcsin —
b—2— 2 0
. . b .
= lim arcsin — = arcsinl = —
b—2— 2
oo b b
dzr dx 1 1 1
28. —— =1 ———=lim ———| =1 [—— —] ==,
/4 @—12 oox ), @—12 o0 (@—1)|, b -1 7373

415
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dx dzx 1 1 o — 1
2. = = s(nfz —1| -1 1 ==(1
9 /x2_1 /(a:—l)(x—l—l) s(nfe—1|—Infz +1) +C 2<n|$+1|>+0,30

< dx lim b de
s T2=1 oo r2—1

. 1 b—-1 1. 3
=lm [-In|{—— ) —=1ln—
b—oo L2 b+1 2 5
1. 3 1. 5
=—Iln-==In-.
2 5 2 3

30.

I
=
=
[\V]

<
|
ot

= blim (2vb — 5 — 2V/2).

Asb — oo, thislimit goesto oo, so the integral diverges.
31. Theintegrand isundefined at y = —3 and y = 3. To consider the limits one at atime, divide the integral at y = 0;

3 b

ydy ’ Y _ (0 _ .2y1/2
| [ e (o))

= lim (3-(9-0")"?) =3.

b—3—

A similar argument shows that

0 0
ydy . Yy . 2\1/2
— = 1 ——dy= 1 —(9—
Y b—>1£I:1s+/b —Q—yQ Y b_>1£n3+(( y) )

T _ _a2\1/2y
= lim (=3+(9-0")"") =-3.

b——-3

Thus the original integral converges to avalue of O:

3 0 3
/ ydy  _ ydy ydy  _ _a.4_
-3

B — —_— 4+ _— =
/9_y2 _a /9_y2 o /g_yz
32. Theintegrand isundefined at § = 4, so we must split the integral there.
6 6
de . de . —1]® . 1 1
— =1 — =1 4— =1 — = .
/4 4 —0) afih/a a—gp ~Jm -6 = lm (—2 4—a)
Since 1/(4 — a) - —oo asa — 4 from the right, the integral does not converge. It is not necessary to check the

convergence of |, 34 ﬁ. However, we could have started with | 34 ﬁ, instead of | 46 ﬁ, and arrived at the same
conclusion.

Problems

33. Sincethe graph isabove the z-axisfor z > 0, we have

(o) b
Area = / re “dr = lim ze “dx
0

b— oo 0
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b b
= lim (—a:e_w +/ e ” da:>
b— o0 0 0
. b
= lim (—be —e ” >
0

b— oo
—e P4 =1

= lim (—be "
b— o0

34. Thecurve has an asymptote at t = 7, and so the areaintegral isimproper there.

z b
2 dt . dt .
Area = — = lim 5 = lim tant
o Cos t =% J, cos t b—>Z

2

b

)
0

which diverges. Therefore the areais infinite.
35. Welett = (z — a)/+/b. Thismeansthat dt = dx/+/b, and that t = o0 when z = +co. We have

/ e*(’”*“f/bdx:/ et (\/Edt):\/B/ e dt = Vb7 = Vor.

oo

36. The factor In 2 grows slowly enough not to change the convergence or divergence of theintegral, although it will change
what it converges or diverges to.

Integrating by parts or using the table of integrals, we get

0o b
/ 2P lnzdr = lim 2P lnzdx

b—oo
b
= lim me“lnm— #mp“
booo [p+1 (p+1)

1 1
— 1 p+11 _ p+1
vl {(p%—lb nb (p—l—l)?b

L o L ot
— | ——e’"T - ———e¢ .
<p+1 (p+1)

If p > —1, then (p + 1) is positive and the limit does not exist since ¥ and In b both approach oo asb does.
If p < —1, then (p + 1) is negative and both »* ™! and ¥+ In b approach 0 asb — oo. (This follows by looking
at graphs of =P In z (for different values of p), or by noting that In - grows more slowly than zP ™ tends to 0.) So the

value of the integral is —pe? ™ /(p + 1)2.
2
= lim <7(lnb) - 1) .
. b— oo 2
Asb — oo, thislimit does not exist, so the integral divergesif p = —1.

The casep = —1 hasto be handled separately. For p = —1,
To summarize, [ z* In z dz converges for p < —1 to the value —pe?*" /(p + 1)*.

o) b 2
/ e m [ 2% g = g 22
xr

b— oo e T b—oo 2

37. The factor In 2 grows slowly enough (asz — 07) not to change the convergence or divergence of the integral, although
it will change what it converges or diverges to.

The integral is always improper, because In z is not defined for x = 0. Integrating by parts (or, dternatively, the
integral table) yields

a—0t

/ 2P lnzdr = lim 2P lnzdx
0

€

= lim ! 2’ nz — #‘xpﬂ
a—0t \ P+ 1 (p + 1)2 o
= lim ! eP Tt — ! eP Tt
asot |\ p+1 (p+1)

- (map Ina — WGP .
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If p < —1, then (p + 1) isnegative, so asa — 0T, a? ™ — oo and Ina — —oc, and therefore the limit does not
exist.

If p > —1,then (p + 1) ispositive and it's easy to seethat a?™* — 0 asa — 0. Looking at graphs of z? ! In : (for
different values of p) showsthat a?*!lna — 0 asa — 0. Thisisn't so easy to see analytically. It's true because if we let

t =1 then
p+1
lim ¢®Ina = lim (1) In (1) — lim -2t
a—0+ t—oco \ T t t—oo tPT1

Thislast limit is zero because In ¢ grows very slowly, much more slowly than ##*1. Soif p > —1, the integral converges
and equas e’ [1/(p +1) — 1/(p + 1)*] = pe"™/(p + 1)*.
What happens if p = —1? Then we get

/ m—$d$— lim m—a:dx
0

T a—0t @ xr
2 €
~ lim (Inz)
a—0t 2 @
_ 2
~ lim <1 (Ina) >
a—0+ 2

Sincelna — —oo asa — 07, thislimit does not exist.
To summarize, foe P In z converges for p > —1 tothe value pe? ™' /(p + 1)°.

38. (a)

F(l):/ e tdt
0
b
= lim e tdt
b— oo 0
b
= lim —e !
b— oo
0

= lim[l—e" =1
b— oo

Using Problem 9,
r'(2) :/ te”tdt = 1.
0

(b) Weintegrate by parts. Letu = t",v' = e *. Thenu' =nt" ' andv = —e~

/t"e*tdt = —t"e ! +n/t”*1e*tdt.
o0

/ tme "t dt
0

b
lim tme b dt
b— oo 0

t s

I(n+1)

b b
+n/ et dt]
0 0

b
lim —b"e"% + lim n/ t" et gt
b— o0 0

b— oo

t

fim (=

I
o
+
S
S
3
-
3
|
™
L
I
Sy
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(c) Wedready haveI'(1) = 1 andI'(2) = 1. Using I'(n + 1) = nI'(n) we can get

I(3) = 2I'(2) = 2
I'(4) =3T(3) =32
I(5) =4T(4) =4-3-2.

So it appears that I'(n) isjust the first n — 1 numbers multiplied together, so
I'(n) = (n—1)L

39. (a) Using acalculator or acomputer, the graphis:

r = 1000te—0-5¢

(b) People are getting sick fastest when the rate of infection is highest, i.e. when r isat its maximum. Since

' =1000e~°%" — 1000(0.5)te™ ">
= 500e™%% (2 — ¢)
this must occur at ¢t = 2. -
(c) Thetotal number of sick people = / 1000te ™5 dt.
0

Using integration by parts, withu = ¢, v’ = e=9-5¢:

b
o —t _o.5t
Total = blg{.lo 1000 (0.56

b
-1 —0.5¢
— | e
/0 05° )

b

2
— lim 1 —ope—0:5b _ —0.5b)
Jim 1000 (27 e

= lim 1000 (—2be """ — 4e~ % 1 4)
b— oo

0

= 4000 people.

40. The energy required is

“k 1
E :/ &dr =kqiq> lim ——
L r b

2 — 00 r

= (9 x 10”)(1)(1)(1) = 9 x 107 joules

Solutions for Section 7.8

419

Exercises

1. For large z, the integrand behaves like 1/x? because
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. “d . . .
Since / —f converges, we expect our integral to corverge. More precisely, since z* 4+ 1 > z*, we have
T
1

zd4+1 Tzt 22

2

o0 [e )
Since / g is convergent, the comparison test tells us that / 1 dx converges also.
1 1

_r
xt 4+
For large z, the integrand behaves like 1 /x because

z? z® 1

ei—1" 2t &
. *1 . . .
Since / = dx does not converge, we expect our integral not to converge. More precisely, since 2! — 1 < z*, we have
Py T

3 3

T z° 1
17 T
. *1 . < g8 .
Since / . dx does not converge, the comparison test tells us that / ] dx does not converge either.
2 2

Theintegrand is continuous for all = > 1, so whether the integral converges or diverges depends only on the behavior of
the function asx — oco. Asz — oo, polynomials behave like the highest powered term. Thus, asz — oo, the integrand
z2+1
x3 4+ 3z + 2
Theintegrand is continuous for all z > 1, so whether the integral converges or diverges depends only on the behavior of
the function asx — oco. Asz — oo, polynomials behave like the highest powered term. Thus, asz — oo, the integrand
1
x2+br+1
Theintegrand is continuous for all =z > 1, so whether the integral converges or diverges depends only on the behavior of
the function asx — oco. Asz — oo, polynomials behave like the highest powered term. Thus, asz — oo, the integrand

,)# behaves like i) or l. Since 1 dz diverges, we predict that the given integral will diverge.

2 +2x+4 2z .z

Theintegrand is continuous for all = > 1, so whether the integral converges or diverges depends only on the behavior of

the function asx — oco. Asz — oo, polynomials behave like the highest powered term. Thus, asz — oo, the integrand

z? — 6z +1 2
z2+4

Theintegrand is continuous for all = > 1, so whether the integral converges or diverges depends only on the behavior of

the function asxz — ooc. Asz — oo, polynomials behave like the highest powered term. Thus, asz — oo, the integrand
Sr 42

xt +8x2 44

2 (o]
behaves like m—3 or l. Since / 1 dz diverges, we predict that the given integral will diverge.
T T 1 T

behaves like % Since /1 % dx converges, we predict that the given integral will converge.

behaves like m—) or 1. Since / 1 dz diverges, we predict that the given integral will diverge.
2
1

behaveslike 2—95 or % Since /1 % dx converges, we predict that the given integral will converge.

For larget, the 2 is negligible in comparison to e, so the integrand behaves like e3¢, Thus

LS L
e5t+2~65t_e )

More precisely, since e + 2 > €5, we have

1 1 _ s
e5t+2<§—6 .

#2 dt converges also.

Since [ e~ dt converges, by the Comparison Theorem / T
e
1

Theintegrand is continuous for al > 1, so whether the integral converges or diverges depends only on the behavior of

the function asx — oco. Asz — oo, polynomials behave like the highest powered term. Thus, asz — oo, the integrand
z2+4 .z 1 ~ 1 ) ) . .

e behaves like gy or ot Since /1 o dx converges, we predict that the given integral will converge.
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It converges:
T b%—lim —l,ﬂb —11' (i—i)——l
50 20 booo Jio 2B b \ 27 L) 20 502 b2/ 5000
Since > i and 1 1 dzx diverges, we have that _dz_ diverges.
1+ 2x 2/, ¢ , l+z
1 1 ) * dx . . * dr
If x > 1, we know that < —,andsince — converges, the improper integral ——— converges.
z3+1 ~ 23 , x® . 341

The integrand is unbounded ast — 5. We substitute w = ¢t — 5, SO dw = dt. Whent = 5, w = 0 andwhent = 8,
w=3. . N
6 6
—dt:/ —dw
/5 Vt—5 o VW

=12 lim (V3 — a) =12V/3,

a a—0t

Since

3
—dw— lim 6/ de:Glim 2wl/2
a—0t a \/E a—0t

our integral converges
Theintegral converges.

1
= lim 20 (1 — a'/*) = 20.

a—0 a—0

| |
T 1/20
/0 —To/20 dr = lim —15/20 dr = hm 20x

Thisintegral diverges. To seethis, substitutet + 1 = w, dt = dw. So,
/t5 dt 3 /11)6 d_’ll)
—y (t+ 1) weo W2

. . 1 .
Since we know the antiderivative of T3 we can use the Fundamental Theorem of Calculus to evaluate the integral.

which diverges.

Since the integrand is even, we write

*  du * du . b du
—2:2 —2:211m 3
o Lt u o ltu b=oo Jo 14+u

= 2 lim arctanb =2 (g) =.

b—oo

Thus, the integral convergesto .

. 1 1 . *d
Since — < — foru > 1, and since a converges,
u + u? u? L u?

1 11
VEFL VR 0

Thisimproper integral diverges. We expect this because, for large 8, and / % diverges. More
1

precisely, for6 > 1
1 1 1 1

1
> = _ —_—  —
ViE+1- VeE+er VaveE V2 o

and / % diverges. (The factor % doesn’t affect the divergence.)
1

1 1 1 < de
For6 > 2, wehave — < — = —, and converges (check by integration), so
x/—x/_9%/293/2 ot yeg)/«oaT

verges.

1
This integral is improper at 6 = 0. For 0 < 6 < 1, we have 1 < L and since/ %de converges,
0

VB3+6 ~ Vo
df
———— converges.
/0 V63 + 6 9
Since < 1 e Y and / e” ¥ dy converges, the integral / dy converges.
0 0

1+e¥y — e¥ 1+ev
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Thisintegral is convergent because, for ¢ > 1,
2+ cos¢ i
¢? ¢

<3 1
and / ?d¢ =3 pe — d¢ converges.
1 1

Since - < 1o e *“forz>0,and e~ “dz converges, - converges.
e* +2¢  e® o + 2z
1 2 —sing —sin ¢
Since ¢— < po for 0 < ¢ < 7, and since Ed(b diverges, ————d¢ must diverge.
Since 31% — for a > 4, and since / —da diverges, then md diverges.
4

If we integrate e~ * from 1 to 10, we get 0.139. This answer doesn’'t change noticeably if you extend the region of
integration to from 1 to 11, say, or even up to 1000. There's areason for this; and the reason is that the tail, ff:f e~ dz,

isvery small indeed. In fact
/ e dr < / e Cdr=¢e""°,
10 10

which is very small. (In fact, the tail integral is less than e 1°°/10. Can you prove that? [Hint: e *° < e~ 0% for
z > 101])

Approximating the integral by fom e~ cos? z dz yields 0.606 to two decimal places. Thisis a good approximation to
the improper integral because the “tail” is small:

oo 5 oo
- 2 - —10
/ e”® cos xdmﬁ/ e fdr=e""",
10 10

which isvery small.

Problems

28.

29.

(@) Theareaisinfinite. The areaunder 1/z isinfinite and the area under 1/2” is 1. So the area between the two has to
be infinite also.

(b) Since f(z) is bounded between 0 and 1/z%, and the area under 1/ is finite, f(z) will have finite area by the
comparison test. Similarly, h(x) lies above 1/x, whose areais infinite, so h(xz) must have infinite area as well. We
can tell nothing about the area of g(z), because the comparison test tells us nothing about a function larger than a
function with finite area but smaller than one with infinite area. Finally, k() will certainly have infinite area, because
it has alower bound m, for somem > 0. Thus, foa k(z) dz > ma, and since the latter does not convergeasa — oo,
neither can the former.

First let’s calculate the indefinite integral / - .Letlnz = w, then — = dw. S0

z(In

dx
z)P’
/ (Inz)? /
In |w|+C ifp=1
w'TP+C, ifp#1

ln|lna:|+C ifp=1
- lnxlp—l—C ifp# 1.

Noticethat lim Inz = +occ.

&r—r 00

(@ p=1

/ @ _ fim <In|lnb|—ln|ln2|> = +o0.
, Tlnr oo
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(b) p< 1

/OO dx - L (ﬁm (Inb)'~? — (In 2)1—17) - too.

b—oo

© p>1:

/:O de _ 1 (lim (Inb)'~? — (1n2)1*1’)

z(lnz)? 1—p \booo

1 . 1 1—
— [ lim ————— —(In2)'?
1-p boroo (Inp)r—1t (In2) >

(In2)' 7.

1-p

< dr . )
<1.
Thus, /2 2(nz)? is convergent for p > 1, divergent for p < 1

30. Theindefinite integral / is computed in Problem 29. Let In z = w, then dz = dw. Notice that lim Inxz = 0,

z(lnz)P x o1
and lim Inz = —co.
z—0+ L . .
For thisintegral noticethat In 1 = 0, so the integrand blowsup at x = 1.
(@ p=1

rlnx o1+

* dw
/ = lim (In|ln2| —1In|lnal)
1

Sincelna —+ 0asa — 1,In|lna| - —oo asb — 1. So theintegral is divergent.

(b) p< 1
2
de 1 . 1-p _ 1-p
/1 z(lnz) ~ 1—p alg?Jr ((ln 2) (Ina) )
— 1 1-p
= 1_p(an)
() p>1:

/ du L lim ((ln 2)' 77 — (lna)l_p)

z(lnx)? -1 —Pa—1t

_ 1 . .
; I-p _ 13 —
As allI{lJr (Ina)" % = ahr?Jr )T +00, theintegral diverges.

2
Thus, / _dr is convergent for p < 1, divergent for p > 1.
. z(lnz)P

22 . . . . 22
31. Tofind a, wefirst calculatef10 e~ 2 dx. Smce% > x for z > 10, thiswill differ from fo e~ 2 dx by at most

0
o0 2 o0
22 - ~10
/ e 2 de/ e “dr=e ",
10 10

22
which is very small. Using Simpson’s rule with 100 intervals (well more than necessary), we find [ e™ "% dz ~
1.253314137. Thus, sincee™ "2 iseven, f_“io e~ T dz &~ 2.506628274, and thisis extremely closeto [*° e~ % du.

22
To find a, we need ffooo ae” 2 de=1.

! 5 ~ 0.399 to three decimal places.

a:7
o0 _z=
f e 2 dx
— 00
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32. (a) If wesubstitutew =« — k and dw = dx, wefind

o (z—k)2 o0 w2
ae 2 dr = ae” 2 dw.
— 00 — 00

Thisintegral isthe same astheintegral in Problem 31, so the value of a will be the same, namely 0.399.
(b) The answer is the same because g(x) is the same as f(x) in Problem 31 except that it is shifted by % to the right.
Since we are integrating from —oo to co, however, this shift doesn’t mean anything for the integral.

33. (a) Sincee™*" < e~ forz > 3,
/ e d < / e 3% dx
3 3

Now
oo b b
/ e 3 dz = lim e 3% dz = lim —16_390
3 b— oo 3 b—oo 3 3
m e
b—oo 3 3 3
Thus

(b) By reasoning similar to part (a),

and

*© *1}2 1 *TL2
e dr < —e .
n
n

34. (a) Thetangent lineto e’ has slope (e')’ = ef. Thusat t = 0, the lopeise® = 1. The line passes through (0, e°) =
(0,1). Thus the equation of the tangent lineisy = 1 + ¢. Since e’ is everywhere concave up, its graph is always
above the graph of any of itstangent lines; in particular, e’ is always above theliney = 1 + ¢. Thisis tantamount to
saying

1+t <e,
with equality holding only at the point of tangency, ¢t = 0.
(b) Ift = l, then the above inequality becomes
T

1
1+=<et" oret/*—1>
xr

8|

Sincet = —, t isnever zero. Therefore, the inequality is strict, and we write
T

el/m—1>l.
xr
(© Sinceel/’”—1>l,
T
1 1
x5(el/’3—1)< 5(L) ot
7 ()

Since ” d—a: conver ” L converges.
., xt ges L xP(el/r—1) g
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SOLUTIONS to Review Problems for Chapter Seven

425

Exercises
! d .
1. Since o cost = —sint, we have
/sintdt = —cost + C, where C isaconstant.
2. Let2t = w, then 2dt = dw, S0 dt = 3dw, SO

10.

11.

12.

1 1 1
/costht:/gcoswdw:gsinw+C:EsinZt—l—C,

where C' is a constant.
Let 52 = w, then 5dz = dw, which means dz = Ldw, 0

. 1
/65‘dz=/ew-gdw:

Using the power rule gives ng + 7w + C.

1 1
/ewdw=56w+C=ge5z+C,

Tt =

where C'is aconstant.

Since/sinwd9 = —cosw + C, the substitution w = 26, dw = 2 d6f gives/sin 20 df = —% cos26 + C.

Letw = 22 — 1, then dw = 3z2dz so that

/(x3 —1)*2?de = % /w4dw = %wf) +C = 11—5(x3 -1’ +C.

. 2 5
The power rule gives 5:1:5/2 + gxs/‘q’ +C
From the rule for antidifferentiation of exponentials, we get

/(e +3%)dr=e +ln3 3"+ C.

Either expand (r + 1)? or use the substitution w = r + 1. If w = r + 1, then dw = dr and

/(r+1)3dr=/w3dw:iw4+02 (r+1)" +C.

N

Rewrite the integrand as

/(é—%) d:1:=4/x_2d:1:—3/:1:_3dx:—4x_1+§x_2+0.
T T 2

Dividing by z? gives

3
Lw dx = ($+l+i.)dm=1m2+ln|m|—l+0.
z? r x? 2 z
Letw =1+ lnz, then dw = dz/x so that

2
/mda::/wzdw:%w?’—l—C:

(1+1nz)®+C.
x

1
3
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13. Substitute w = t2, s0 dw = 2t d¢.

/tetzdtz%/et22tdt=%/ewdw:% w+C:%et2+C.

d (1 2 3 ltz)_ K
dt(2e +C)—2t(26 =te .

14. Integration by partswithu = x, v = cos x gives

Check:

/xcosxdx:xsinm—/sinmdx—f-C:msinm—i—cosx—f-C.

Or use 111-16 with p(z) = z and @ = 1 in theintegral table.
15. Integration by parts twice gives

2 2z 2
1
/x%h de =2 ; - /erh de = L2 _ Lo + e 4+ C

2 2 4
1 . 1 1, .
= (51132 — 5117 + Z)elz + C.

Or usethe integral table, 111-14 with p(z) = z® anda = 1.
16. Using substitution withw = 1 — z and dw = —dx, we get

/x\/l—xdxz—/(l—w)\/adw:§w5/2—§w3/2+02%(1—@5/2—%(1—1‘)3/2—}-0.

17. Integration by partswithu = Inz, v’ = x gives

2
_1' 1 _1 2 _l 2
/xlnxdx— 5 Inx /Zmdm— 21‘ Inx 41‘ + C.

Or usetheintegral table, 111-13, withn = 1.
18. Weintegrate by parts, withu = y, v' = siny. Wehaveu' = 1,v = — cosy, and

/ysinydy:—ycosy—/(—cosy)dy:—ycosy+siny+C.
Check: p
d—y(—ycosy+siny+0):—cosy+ysiny+cosy:ysiny.

19. Weintegrate by parts, usingu = (Inz)” andv' = 1. Thenv’ = 222 and v = 2, 0
/(lnx)zda: =z(lnz)” - 2/lna:da:.
But, integrating by parts or using the integral table, f Inzdr =xlnz — z + C. Therefore,

/(lnm)zdx =z(lnz)® —2zlnz + 2z + C.

Check:
2lnzx

di [m(lnm)2 —2mlnm+2x+C] =(Inz)’ +z

—2lnz — le +2=(lnz)%.
x x

20. Remember that In(z?) = 21n z. Therefore,

/ln(a:Q)dx=2/lna:da:=2a:lna:—2x+0.

Check: p 5
£(2xlnx—2x+0) =2lnx+ ;1‘ —2=2Inz = In(z”).
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22.
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24,
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Using the exponent rules and the chain rule, we have

0.5-0.3¢ gy 0.5 ~0.3t gy e?? —0:3t 4 05703t C
/6 —¢ / =T YTz ¢
Letsinf = w, thencos 8 df = dw, s0
/sin29c059d9 = /wzdw = %w3+0 = %sin39+0,

where C' is a constant.
Substitute w = 4 — 2, dw = —2z dx:

/a:\/4—x2da:=—%/\/adw:—%w3/2+02—%(4—x2)3/2+0.

Check J
Iz [—%(4 —m2)3/2 +C] = —é {;(4—x2)1/2(—2m)] =z\/4 — 22

Expanding the numerator and dividing, we have

3 3 2
/@du:/(“ +3u j3“+1)du=/(u+3+§+%) du
u u u u

2
1
:u—+3u+3ln|u|——+0.
2 U
Check: ) s
d [ 1 > _ (ut1)
du(Z + 3u + 31n |u| u+0> u+3+3/u+1/u 3

Substitute w = /y, dw = 1/(2,/y) dy. Then

cos
—\/gdy:2/coswdw:25inw+C:25in\/§+C.

VY
Check: )
iZsin\/ﬂ—i—C = cos vy = COS\/y.
dy 2y VY
! d 1
Since E(tan z) = o5 e have
/ 12 dz =tanz + C.
cos? z
Check: p i s ] )
4 tanz+0) = L sinz _ (cos z)(cos z) —‘(sm z)(—sin z) __1 .
dz dz cos z cos? z cos? z

Denote / cos’ #dO by A. Letu = cosf, v’ = cosf. Then, v = sin @ and v’ = — sin 6. Integrating by parts, we get:

A =cosfsinf — /(—sin9) sin 0 d6.
Employing the identity sin? # = 1 — cos? 8, the equation above becomes:

A=c0595in9+/d9—/cos29d9

=cosfsinfd+60—A+C.

427
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28.

29

30

31.

32.

Chapter Seven /SOLUTIONS
Solving this equation for A, and using the identity sin 260 = 2 cos # sin 6 we get:
9 1. 1
A= /cos fdo = Zsm29+§9+0.

[Note: An alternate solution would have been to use the identity cos® 6 = J cos 26 + 1]
Multiplying out and integrating term by term:

/tw(t —10)dt = /(t11 —10t'%) dt = /t“dt - 10/t“’dt = %t” - %t“ +C.

Substitute w = 2x — 6. Then dw = 2 dx and

tan(2z — 6) dz 1 tan w dw = 1 [sinw dw
2 2 | cosw

—% In | cos w| 4+ C by substitution or by 1-7 of theintegral table.

—%ln|cos(2m —6)|+C.

Using integration by parts, we have
3 3 3
/ ln(m3)dm:3/ Inzdr=3(zlnz —z)| =9In3 — 6~ 3.8875.
1 1 1
This matches the approximation given by Simpson’s rule with 10 intervals.

In Problem 19, we found that
/(lnaL‘)2 dr = z(Inz)® — 2zInz + 2z + C.

Thus

€

=e—2=0.71828.

/ (Inz)’dr = [z(lnz)” — 2z1nz + 2]
1 1

This matches the approximation given by Simpson’s rule with 10 intervals.
Integrating by parts, wetake u = **, v’ = 2", v’ = sin 2z, and v = —1 cos 2z, 0

2z
/62’J sin 2z dr = —67 cos 2z + / e?® cos 2z dz.

Integrating by parts again, withu = e**, u’ = 2e**,v" = cos 2z, and v = 1 sin 2z, we get

2 62I . 2 .

BECOSZxdm:TsmM‘— e”" sin 2z dx.
Substituting into the previous equation, we obtain
5 621 62z 9
/e ¥sin 2z dx = —Tcos%—l— TSinZ:L’ - /e ® sin 2z dx.
Solving for [ e sin 2z dx gives
2z . _ 1 Qx /s .
e” sin 2z dx = 1° (sin 2z — cos 2z) + C.

This result can also be obtained using I1-8 in the integral table. Thus

™

(7" —°™) ~ —133.8724.

" 1
/ e’ sin 2z = [Zezm (sin 2z — cos 2z)]

] =

-

We get —133.37 using Simpson’srule with 10 intervals. With 100 intervals, we get —133.8724. Thus our answer matches
the approximation of Simpson’srule.
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33.

10
/ ze “dz = [—ze 7]
0

= 10710 — 710 4
—1le 9 4+1.

10 10
_ _ ;-
—/ —e “dz (let z =u,e” “ =0, —e * =v)
0

I
L
[e]
m\

L

o
B
8

34. Letsinf = w, cos f d6 = dw. So, if § = —g,thenw: —g andif § =

/4 V2/2 1 V2/2
/ sin39c059d9=/ w? dw = ~w? :Z[<
—r/3 -V3/2 —V3/2

V2

thenw = 7.Soweha\/e

A

429

35. Thisintegral is 0 because the function z2 cos(z?) isodd (meaning f(—z) = —f(z)), and so the negative contribution to

theintegral from — 74 < = < 0 exactly cancels the positive contribution from 0 < = < 7. Seefigure below.

x3 cos x2

w3

36. Let /o =w, 1 i 2da:—dw,\d/9—2dw Ifxr=1thenw =1,andif z = 4 so w = 2. So we have

/46ﬁdm—/zew-2dw—26w
L VT 1

' dx 1 1
—— =tan "z
o r2+1

=tan '1—tan 0=
38. Letlnz = w, then % dz = dw, 0

2
=2(e” —e) = 9.34.
1

37.
—0=

T m
0 4 4°

2
/M dx = /w2 dw = éwg +C= %(lnx)g’ + C, where C' is a constant.

xr

39. Multiplying out, dividing, and then integrating yields

2
/(tt” dt = /t +4t+4dt / dt+/—dt+/—dt |t|—%—t%+0,

where C' is a constant.

40. Integrating term by term:

1 1
/(m2+2m+;) dm:§m3+m2+ln|m|+0,

where C' is a constant.
41. Dividing and then integrating, we obtain

/tj;ldt:/%dt+/t%dt:ln|t|—%+C, where C' is a constant.
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42. Lett’ +1 = w, then2t dt = dw, tdt = 3 dw, 0

/tetz"'ldt:/ew-%dw:%/e“’dwz%ew—kC:%etzH—kC,

where C' is a constant.
43. Letcosd = w, then —sin 6 df = dw, SO

/tan9d9=/sm9d9=/_—1dw
cos 0 w

=—In|w|+C=—-In|cosb| +C,

where C'is aconstant.
44. If u = sin(56), du = cos(50) - 5 df, so

/sm(59) cos(50)d

cn|>—~ U1||—l

/sm ) - bcos(56)dh = ;/udu

>+C—Esm (50) + C
or

/sin(59) COS(59)d9 = % /2 sin(59) COS(59)d9 = % /Sin(109)d9 (using sin(2z) = 2 sin @ cos x)

S cos(100) + C.

20
45. Using substitution,
T _ge= [ 24 (@® +1 = w, 20 dz = dw, ede = — dw)
$2+1 r = w w T = w,zr ar = ’LU,:II:II—2U)
11, 1 I
—§/Edw—21n|w|+0—21n|x +1|1+C,
where C' is a constant.
46. Since d%(arctan z) = H;z? we have

d .
2 — arctan + C, where C isaconstant.
14 22

. 1
47. Let w = 2z, 0dw = 2dz. Then, since 4 arctan w = , we have
dw 1+ w?
Ldw
/ 1 fizQ = / 12+w2 = %arctanw—f-c = %arctanZz—i—C.

48. Let w = cos 26. Then dw = —2sin 26 d6, hence

4 4
/cosSZGSin29d9:—%/w?’dw:_%_’_cz_cossw_+_O.

Check:

d cos” 20 (4 cos® 20)(— sin 20)(2) 3o, .
@<— 3 >—— S = cos” 26 sin 26.
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49. Let cos 560 = w, then —5sin 56 df = dw, sin 50 df = —%dw. So

: 3 _ 3 1 _ 1 3, 1 4
/sm59cos 59d9—/w ( 5)dw— 5/11) dw = 20w +C

IR S
= —5g C08 50 + C,

where C'is aconstant.

/sin3 zcos® zdz =

50.

sin z(1 — cos” 2) cos® zdz

. 3 . 5
sin z cos zdz—/smzcos zdz

—— —

w® (—dw) — /w5 (—dw) (let cosz = w, SO —sin zdz = dw)

wgdw+/w5dw

|
—~—

1
- w4+gw6+0

1
cos’ z + 5 cos® z + C,

=

where C' is a constant.
51. If u =¢—10,¢t = u + 10 and dt = 1 du, so substituting we get

/(u+ 10)u'du = /(u11 +10u'%) du = %ulz + %un +C
1 e 100
= 12(t 10) +11(t 10)" + C.
52. Letsin @ = w, then cos 6 df = dw, sO
/cosH\/l—f-sinQdH:/\/l—i—wdw
_ (4w _2 - 0)3/2
= 372 +C’—3(1+sm9) +C,

where C' is a constant.
53.

/memdxzxew—/ewdm (let £ = u,e” =", e” = v)

=ze” —e” +C,
where C' is a constant.
54.
/te’et dt = t3e' — /3t2et dt (let B =ue =032 =u e’ = v)
=t’e' — 3/t2et dt (let t> = u, e’ =)

=t —3(t%" — / 2te’ dt)

=t%' — 3t%e' + 6/tet dt (lett = u, e’ =v')
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= t%e" — 3t°e' 4 6(te’ — /et dt)

=t%" — 3t%e’ + 6te’ —6e" + C,
where C' is aconstant.
55. Letz? = w,then2zdz =dw,z=1=>w=1,2=3 = w=29. Thus,

3 9
1
/m(m2+1)70dx:/ (w—f-l)midw
1 1

1 1 mn|°
= — . — 1
5wt
1 71 71
— —(10™ — 2™,
12210 )

56. Letw = 3z + 5 and dw = 3dz. Then
3, 1 3, 1 4 1 4
/(3z—+—5) dz—3/w dw——12w +(7——12(3z+5) +C.

57. Rewrite9 + u® as9[1 + (u/3)?] and let w = u/3, then dw = du/3 so that

du 1 dw —larctanw—kc—larctan(g)—i—c
9+wu2 3 ) 1+w2 3 3 3 '

58. Let u = sinw, then du = cos w dw so that

cos w du
——dw = ——— = arctanu + C = arctan(sinw) + C.
/ 1+ sin®w / 14+u? ( )

59. Letw = Inz, then dw = (1/z)dz which gives

/ltan(lnx)dx:/tanwdw:/de:—ln(|cosw|)+C:—ln(|cos(lnx)|)+C’.
T cosw

60. Letw = Inz, then dw = (1/z)dx so that

/%sin(lnx)dx:/sinwdw:—cosw+C:—cos(lna:)+C.

61. Letu = 2z, then du = 2 dx so that
dx 1 du 1 1
—_— = — —_— = — 1 = — 1 2 .
/ ] / =3 arcsinu + C 5 arcsin(2z) + C
62. Letu = 16 — w?, then du = —2w dw so that

d 1 [ d
|t~ [ S ——viso=—Vis-wc

63. Dividing and then integrating term by term, we get

e +1 e 1 , 1 ,
/ o2y dyZ/ 6Ty+6Ty dy:/(1+6 2y)dy:/dy+(—§)/e 2y(—2)dy

1 _.
:y_ie 2y+C

64. Letu =1 — cos w, then du = sin w dw which gives

sin w dw du
o = 22 =9 +C =2v1—cosw+ C.
v/1—cosw Vu Vu Y
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65. Let w = Inz. Then dw = (1/z)dz which gives

/ dz = %U:ln|w|+C:ln|lnx|+C.

rzlnz

66. Let w = 3u + 8, then dw = 3du and

du dw 1
= — =21 .
/3u+8 /Sw 3n|3u+8|—|—C’

d
67. Letw = /22 + 1, then dw = % o that
xr

T . .
/\/ﬁ cos m2+1dx:/coswdw=smw+C=sm\/1‘2+1+C.

68. Integrating by partsusing v = t* and dv = \/tld-i—tz givesdu = 2t dt and v = /1 + t2. Now

t? 2 /
e dt = t°\/1 4+ 12— [ 2t\/1+t2dt
/\/1+t2
:t2x/1+t2—§(1+t2)3/2+0
:\/1+t2(t2—§(1+t2))+0
2_
=virel 220

69. Using integration by parts, let r = w and dt = e**du, so dr = du and t = (1/k)e**. Thus
ku _Ek‘u_l ku _Eku_iku
/ue du—ke k/e du—ke wz¢ +C.

70. Letu = w + 5, then du = dw and noting that w = u — 5 we obtain

/(w+5)4wdw = /u4(u—5)du

- / (v - 5u') du

I
|
S
(=2}
|
:U‘
+
Q

71. /eﬁ’:“’dm = % /eﬁm+3\/§dx. If u =2z +3,du = V2dz, s0

1 u 1 [ 1 \/5:0#»3
— [ e'du=—F=e"+C=—e +C.
\/5/ V2 V2

72. Integrate by partsletting u = (Inr)? and dv = rdr, then du = (2/r) In rdr and v = 7% /2. We get
/r(lnr)2 dr = %7"2(ln7")2 — /rlnrdr.
Then using integration by parts again with « = Inr and dv = rdr, so du = dr/r and v = 1*/2, we get

1 1 1 1 1 1
/ranTdr: 57"2(ln7")2 — [§r2 Inr— 5/7’d1“:| = 57"2(ln7")2 - §T2lnr+ ZT2+C.

433
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73. /(e’” +a)’dz = /(e” + 2ze® + z”)dy. Separating into three integrals, we have

1 1
/ezzda: =5 /62902 dz = 56290 + Ch,

/ermdm = Z/mezdx =2ze"” — 2" + (O

from Formulal1-13 of the integral table or integration by parts, and
3
/ 22 dr = % + Cs.

Combining the results and writing C' = C; + C» + C'3, we get

3
%62’3 + 2ze” — 2e” + % +C.
74. Integrate by parts, r = Inw and dt = u® du, 0 dr = (1/u) du and t = (1/3)u®. We have

) S U TR N S U Wt
/u Inudu = 3u Inu 3 u” du = 3u Inu gu + C.

75. Theintegral table yields

5 + 6 5 5 6 T
= 2 lnjg? 44+ 2 z 4
/x2 4da: 5 n|z | 2arctan 5 c

= gln|gt2 + 4| +3arctan% +C.
Check:

d (5 6 z ) 5( 1 11
= (21 4+ 2 = =2 =) + 83— >
dx (2 nle” 44+ garctan g +0 2<$2+4($)+31+(x/2)22>
e, 6 _5r+6
244 2244 22447

76. Using Table1V-19, let m = 3, w = 2z, and dw = 2dz. Then

1 1 1
———de =< | ——d
/sin3(2m) ) / siitw

_1 —1 cosw _’_1 1 dw
T2 (3-1sin®w 4 ) sinw

and using Table 1V-20, we have

1 1 cosw — 1
dw=-In|—— C.
/sinw w 2ncosw+1‘+
Thus,
1 cos 2x 1 cos2x — 1
—de=————+-In|—— C.
/sin3(2a:) T Tisn’2s 8" c052$+1‘+

77. We can factor r* — 100 = (r — 10)(r + 10) so we can use Table V-26 (with a = 10 and b = —10) to get

dr 1
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78. Integration by parts will be used twice here. First let v = y? and dv = sin(cy) dy, then du = 2ydy and v =

—(1/c¢) cos(cy). Thus

/y2 sin(cy) dy = _y? cos(cy) + % /ycos(cy) dy.
Now use integration by parts to evaluate the integral in the right hand expression. Herelet u = y and dv = cos(cy)dy
which givesdu = dy and v = (1/¢) sin(cy). Then we have

2 y* 2 (y 1
/y sin(ey) dy = —= cos(cy) + = | =sin(cy) — = /sin(cy) dy
c c\c c

2
y 2y . 2
- cos(cy) + =) sin(cy) + = cos(cy) + C.

79. Integration by parts will be used twice. First let v = e °* and dv = sin(kt)dt, then du = —ce °dt and v =
(—1/k) cos kt. Then

/eﬂt sinktdt = —%eid cos kt — % /eﬂt cos kt dt

= —le_Ct coskt — < (%e_d sin kt + % /e_Ct sin kt dt>

2
e “sinktdt

Il

|

|
@
Q
©
w
ey
Yy
@
1]
=]
ey
Yy

Solving for [ e~ sin kt dt gives

2 2 —ct
i ]:;c /eﬂt sin kt dt = _ek2 (k cos kt + csin kt),

—ct

—ct _- € .
/e smktdt:—m(kcoskt+051nkt)+0.

80. Using I1-9 from the integral table, witha = 5 and b = 3, we have

/65“c cos(3z) dr = e [5 cos(3z) + 3sin(3z)] + C

= L= [5cos(3z) + 3sin(3z)] + C.

81. Since /(xﬁ + (VE)®)dz = /xﬁdx + /(\/E)g” dz, for the first integral, use Formula I-1 with n = /k. For the

second integral, use Formula -3 with a = v/k. Theresult is

/( VR = e G

82. Factor v/3 out of the integrand and use V1-30 of the integral table with « = 2z and du = 2dz to get
/ 3+12m2dm:/\/?_, 1+ 422 dx

:?/\/H—lﬂdu

V3 2 1
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Then from VI1-29, simplify the integral on the right to get

/\/3+12x2dx = ? (u\/1+u2+ln|u+\/1+u2|) +C
- ? (295\/1 o)+ 20+ 1+ (2x)2|) el

83. Weknow z” + 5z 4+ 4 = (z + 1)(z + 4), S0 we can use V-26 of the integral table witha = —1 and b = —4 to write

dx 1
—— =1 1] -1 4 .
/m2+5m+4 3(n|$jL |—fe+4)+0C
84. By completing the square, we get
2 _ 2 3 2 9_ _§2_l
=3z +2= (2" —3z+( 2))+2 4—(a: 2) T
Then
[ . —
Va2 -3z +2 V-2 -1
Letw = (z — (3/2)), then dw = dx and a*® = 1/4. Then we have
1 1
——dr = [ ———=dw
/\/1‘2—31‘—+—2 /\/11)2—a2
and from VI-29 of the integral table we have
1
————dw=Ih|w+Vw?—a?|+C
/,/w2_a2
3 3\2 1
=mn|(s-3) +y/(=-3) —5|*¢

=1In (m—;)+\/1‘2—3m+2‘+0.

85. Firstdivide z> + 3z + 2 into 2> to obtain

N (5 2

z2+3c+2 2243z +2°
Sincez? + 3z + 2 = (z + 1)(z + 2), we can use V-27 of the integral table (withc = 7,d = 6,a = —1,andb = —2) to
get

/%dm:—ln|m+1|+81n|x+2|+0.

Including theterms  — 3 from the long division and integrating them gives

x3 Tr +6 1,
A S P i B [ M P 1) + 81 2| + C.
/a:2+3a:+2dx /($ 3+a:2+3a:+6) do =g =3¢ —Infe+1[+8nfe +2[+0

86. Firstdividez? + 1 by #? — 3z + 2 to obtain

2 —
‘x +1 — 14 3r—1 .
2 —3x+2 2 —3x+2
Factoring > — 3z + 2 = (z — 2)(xz — 1) we can use V-27 (withc = 3,d = —1,a = 2 and b = 1) to write

3z —1

Remembering to include the extraterm of +1 we got when dividing, we get

2 p—
/#%dmz/(l—i—%) de =z +5In|z —2|—2Injz - 1|+ C.
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89.
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91.

92.

93.
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We can factor the denominator into az(x + ), so

dzr _1 1
a2 +bxr  a x(x+§)

Now we can use V-26 (with A =0 and B = —g to give

l/*—l g(ln|a:|—ln
a a:(a:—l—g)_a b

Let w = az? + 2bx + ¢, then dw = (2ax + 2b)dx so that

x—l—g‘)—l—C: (ln|a:|—ln

1 x+9‘)+0.
b a

ar +b 1 fdw 1 1 s
/am2+2bx+c z D) ” 2n|w|+C’ 2n|am +2bz +c|+C

This can be done by formula VV—26 in the integral table or by partial fractions

dz dz 1 1
= = - — dz =1 —1 1 .
/z2+z /z(z+1) /(z z+1) 2=l —lnfz+1f+C

11
z4+1 " 2242z

Check: p )
a(ln|z| —Injz+1]+C) = - -

Multiplying out and integrating term by term,
z  3\? z? 9 1 (z® z7! z> 9
S+ de= [ [Z424 = )de== () +2 - = 4+2z—=4C.
/(3+m) dx /<9+ +m2>dx 9<3>+$+9<_1 +C0=T 42— 4C
Ifu=2"+1,du=2"(In2)dt, s0

2t 1 2tIn2 1 1 1 1
/ dt —/ ka1 ———ln|u|+C=l—ln|2t+1|+C.

20+1 W2 ) 2241% " Wm2 /) u In2 n2
Ifu=1—2,du=—1dz,s0
10" de = -1 [ 10" "(=1dz) = -1 [ 10" du = —1 W0 o L gryc
N B ~ “Inl0  Inl0 '
Multiplying out and integrating term by term gives

3

5
/(a;2 +5)%de = /(xﬁ + 152" + 752 + 125)dz = %x7 + 15% + 75% +125z +C

1
= ?a:7 + 32° + 252° + 1252 + C.

Integrate by partsletting r = v and dt = arcsin v dv then dr = dv and to find ¢ we integrate arcsin v dv by partsletting
x = arcsin v and dy = dv. Thisgives

tzvarcsinv—/(l/\/l —v2)vdv =varcsinv + /1 — v2.

Now, back to the original integration by parts, and we have

/Uarcsinvdv=v2arcsinv+v\/1—v2—/ [varcsinv+ 1—1)2} dv.
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95.

96.

97.

98.

99.
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Adding f v arcsin v dv to both sides of the above line we obtain

Z/Uarcsinvdv =v?arcsinv 4+ vy/1 — v2 —/\/1 —v2dv
. 1 1

=vZarcsinv + vy/1 — v2 — 51}\/1 — 2 — 3 arcsinv + C.

Dividing by 2 gives

where K = C/2.
By VI1-30 in the table of integrals, we have

2
1 1
/varcsinvdv: (U———> arcsinv—l—zv 1-v2+ K,

/\/_—a:d m\/4—

2 4

The same table informs us in formula V1-28 that

Thus

By long division, z
- —

[ 7=

dx = arcsin — 5 + C.

+2/¢_—$2

Y
/\/4—$2dx=¥+2arcsing+0.

=3

125

5—2 +5z+25+—5 SO

/Z'Z_?)E)dz:/(zZ

EZQ + 2524 1251n|z — 5|

2

Ifu =14 cos®w, du = 2(cos w)*(—sin w) dw, SO

sin w cos w
— dw
1+ cos?w

1
/ tan(3e) "

T
cos?

have

cos(

- / _ 1w
(sin(se))
30)

cos(30) ..
/ sin(36) 9 =

dx:/
z

Formulal-7 gives the final result of z tan z — (—

i/

__l —25inwcoswdw_
) 1+ cos2w

1 .
= —§In|1+coszw| +C.

in(36)

3cos(30) ., 1 [1
sn30) V=3 / w

12
+5z+25+—5 )dz:
z—5

2% bz 1
?-"74-252’—}-125/2_5&2’
+ C.
1 1
———/—d =—-Inju|+C
2 u

1

/x( 12 dx) :mtanm—/tanxdx.
cos?

Dividing and integrating term by term gives

/

r+1

Jz

NIE

_+_

Ve E

) de = /(gc“2 +z7'?)

3/2
dx = EZ?;—‘ +

2

xT

1

1/2

2

= / ZOS( ) df. If u = sin(30), du = cos(30) - 3df, s0

zde. Using integration by parts with w = z, du = dx and dv = L
2x cos?

In|cosz|) +C =ztanz +In|cosz| + C.

+0 =

%ln|sin(30)| +C.

dz,v = tanz, we
T

2
59{;3/2 + 2z + C.
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Ifu=+vz+1,u>=z+1withz =« — 1 and dz = 2u du. Substituting, we get

/\/;T /u_1Qudu:/(uZ—l)ZduZZ/(uZ—l)du

:T—2u+c_(7vms+)—2\/—+c

A S \/_4-11/2 dr;ifu =T +1,du = —— dz, SO we have
[=] vz v v

3/2
2/(ﬁ+1)1/2ﬁ5da:=2/u1/2du:2(u >+C=%u3/2+C=§(\/§+1)3/2+C.

3
2

Ifu=e* 41, thendu = e*2dy, s0

2y 2y

e 1 2e 1
d = — d = —

/e2y+1 Y 2/e2y+1 Y73

Ifu=22—5,du=2zdz then

1 1 1
—du=-Inju|+C=-Inle’ +1|+C.
U 2 2

Lettingu = z — 5, z = u + 5, dz = du, and substituting, we have

? g (250 = [+ sutydu = Y 5 (P
/(z_5)3dz—/ 3 du—/(u +5u”")du = 3 +5 — +C

4 5
= G-s T ¢

1
Ifu=1+ tanz thendu = 5
cos

1+t 3 1 4 1+t 4
(= tana)” de = [ (1+ tanz)® dr= [ u du—u—+C=7( +tanc) +C.
cos? cos?x 4 4

dz, and so
xr

22
/ Gz =Ve” 4 = /6”2‘”(21; —Ddz. Ifu=2" —z,du= (22 — 1)dz, S0

6fﬂ
/ezZ*w(Qx —1)dx = /e"du

=e"+c
2

=e" "+ C.

We use the substitution w = z* + z, dw = (2z + 1) dz.

/(Qx + 1)69026,5 dx = /(21: + l)exzﬂc dzx = /ew dw

:ew+C’:em2+E+C.

Check: 4 et 4 C)= e e 2z +1) =2z + 1)6I26I

da:(

439
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109. Letw:2+3cosm,sodw:—SSinwdm,giVing—%dw:sinxda:.Then
/sinm(\/2+3cosx) dm:/\/a —%) dw:—%/\/ﬁdw
1\ w? 2 3
= (——) - +C= —§(2+3cosa:)2 +C.

110. Using Tablelll-14, with a = —4 we have

/(alc2 —3z+2)e dr = —i(a:2 — 3z +2)e” "

1 —4z 1 —4z
16(21‘ 3e 64(2) +C
1 —4z
= — 11 + 20x — .
39¢ (=11 4 20z — 8z°) + C
111. Letz = 26, then dx = 2d6. Thus
1
/sin2(29) cos®(20) do = §/sin2xcos?’xda:.
Welet w = sinx and dw = cos x dx. Then
%/sirﬁxcos?’a:darz %/sm z cos> z cos z dx
1
= E/sm #(1 — sin® ©) cos x dz
1 1
:i/w (1—w?) dw—i/(wz—w4)dw
_ 1w w 1.3 1 .5
—2<3 >+C—651nm 10sm z+C
= l sin®(26) — isin5(29) +C
G 10 '

112. If w = 2sinz, thendu = 2 cosz dz, SO

1 1
/cos(Zsina:)cosa:da: = §/cos(25inx)2cosa:da:: §/cosudu

= %sinu—{—C: %sin(Zsinx)—f-C.

113. Letw = x + sin z, then dw = (1 + cos x) dx which gives

/(m+sinm)3(1+cosm)dm:/w3dw= iw‘l—i—C: %(m—i—sinm)‘l—f-C.

114. Using Tablel11-16,

(22° + 3z + 4) sin(2x)

l\3|b—-\

/ (21‘3 + 3z + 4) cos(2z) dz

+ (62 + 3) cos(2x)

ool»—~4>|>—‘

—=(12z)sin(2z) — % cos(2z) + C.

2
= 2sin(2z) + z° sin(2z) + 3% cos(2z) + C.
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Splitting the integrand into partial fractions with denominators (z — 2) and (z + 2), we have

1 A N B
(x=2)(x+2) -2 z+2

Multiplying by (z — 2)(z + 2) givesthe identity

1=A(x+2)+ B(z —2)

1= (A+B)z +24 - 2B.

Since this equation holds for all z, the constant terms on both sides must be equal. Similarly, the coefficient of = on both
sides must be equal. So

2A-2B =1
A+B=0.

Solving these equations gives A = 1/4, B = —1/4 and the integral becomes

1 1 1 1 1 1

Let z = 5sint. Then dx = 5 cos ¢ dt, S0 substitution gives

5cost

= e
= d
/ 25 —x? 25 — 25sin? ¢

Splitting the integrand into partial fractions with denominators x and (z + 5), we have

t = dt:t+C:arcsin(§)+C.

1 A B

z(z +5) x+x+5'

Multiplying by z(z + 5) gives the identity
1= A(z+5)+ Bz

SO
1=(A+ B)z+5A.

Since this equation holds for all z, the constant terms on both sides must be equal. Similarly, the coefficient of = on both
sides must be equal. So

hbA=1
A+B=0.

Solving these equations gives A = 1/5, B = —1/5 and the integral becomes

1 1 1 1 1 1

We use partial fractions and write

_t _ A B
3P—3P2 3P 1—-P’

multiply through by 3P(1 — P), and then solvefor A and B, getting A = 1 and B = 1/3. So

dP 1, 1 gp_ L [ap 1 dP
3P -3P2 3P  3(1-P) 3/ P 3)1-P

1 1 1 P
=_-In|P|—ZIn|1l-P =zln|l——5 .
S|Pl - 3mm|l-Pl+C 3n‘1_P‘+C
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119. We use the trigonometric substitution 3z = sin 6. Then dz = 3 cos 6 df and substitution gives

1 1 1 1 cos @
———dr= | ——— - -cosfdf == df
/V1—9$2 / 1—sin?9 3 3 Vcos? 0

1 1 1 .
= 5/1d9—§9+0— garcsm(?;x)—f-c.

120. Splitting the integrand into partial fractions with denominators z, (z + 2) and (z — 1), we have

2z 43 _é+ B n c
r(x+2)(z—1) = z+2 =x-1

Multiplying by z(x + 2)(z — 1) givesthe identity
2 +3=A(x+2)(zx — 1)+ Bz(z — 1) + Cz(z + 2)

SO
20 +3=(A+B+0)z’ + (A— B +20)r — 24,

Since this equation holds for all z, the constant terms on both sides must be equal. Similarly, the coefficient of = on both
sides must be equal. So

—2A=3
A-B+2C =2
A+B+C=0.

Solving these equations gives A = —3/2, B = —1/6 and C' = 5/3. Theintegral becomes

2z +3 3 1 1 1 5 1
/m(m—i—Z)(x—l)da:__§/Ed$_6/x+2+§/x—1d$

1
:—gln|a:|—61n|$+2|+§ln|z—1|+0.

121. The denominator can be factored to give z(z — 1)(x + 1). Splitting the integrand into partial fractions with denominators

z,z—1,and z + 1, we have
3r+1 A B C
zx—1)(z+1) -1 z+1 =z

Multiplying by z(z — 1)(z + 1) givesthe identity

3r+1=Az(z+1)+Bx(zx—1)+C(z — 1)(z + 1)
SO
3t +1=(A+B+0C)z>+ (A-B)z—C.

Since this equation holds for al z, the constant terms on both sides must be equal. Similarly, the coefficient of « and z*
on both sides must be equal. So

—C=1
A—-B=3
A+B+C=0.

Solving these equations gives A = 2, B = —1 and C = —1. Theintegral becomes

3r+1 2 1 1
Pt = de— | ——de— [ 24
/a:(a:—l—l)(x—l) v z 1 /x+1x /xm

=2lnlz—1|—In|z+ 1] —In|z|+C.
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122. Splitting the integrand into partial fractions with denominators (1 + z), (1 + z)? and z, we have

142’ A B C
- = + _ 4+ =
z(1+2)2 14z (Q14+2)?2 =z

Multiplying by z(1 + «)? gives the identity
1+2° =Az(1+2z)+ Bz +C(1+2)”

SO
1+2°=(A+C)2” + (A+ B +2C)z + C.

Since this equation holds for al z, the constant terms on both sides must be equal. Similarly, the coefficient of & and z*
on both sides must be equal. So

c=1
A+B+20=0
A+C=1.

Solving these equations gives A = 0, B = —2 and C' = 1. Theintegral becomes

1+2° 1 1 2
T _—_2 T . 1\ - - l .
/(1 B dz /(1 )zdx—l—/ dx I +Injz|+C

123. Completing the square, we get
2?42 +2=(x+1)°+1.
We use the substitution « + 1 = tant, S0 dz = (1/ cos® t)dt. Sincetan®t + 1 = 1/ cos® ¢, the integral becomes

1 1 1
At = [ S ——dl = = = 1 g
/(x+1)2+1dx /tan2t+1 coszi ™ /dt t+C = arctan(z +1) + C

124. Completing the square in the denominator gives

dx . dx
22 +4e+5 | (x+2)24+1

We make the substitution tan § = x + 2. Then dz = —4— d#.

cos2 6

/ de / do
(x4+2)24+1 " | cos?f(tan®6 + 1)
B do

B do
" | sin26 + cos26

:/d0:0+C

Butsincetan = z + 2, § = arctan(z + 2), and s0 0 + C = arctan(z + 2) + C.
125. Using partia fractions, we have:

3z +1 3z +1 A B
. = = + :
22-3z+2 (z—-1)(z—2) =z—-1 =z-—2

Multiplying by (z — 1) and (x — 2), this becomes

3r+1=A(zx—-2)+B(z—1)
=(A+B)x—2A—-B
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which produces the system of equations

{

A+B=3
—2A-B=1.

Solving this system yields A = —4 and B = 7. So,

3r+1

—d
2 —3r+2 v

/

126. We use the trigonometric substitution bz = a sin 6.

/Wziw/

4 7

:/(_a:—l z—2
dx dx
_4/x—1+7/x—2

—4Injz — 1|+ 7njz-2|+C.

)

Then dx =  cos 0 df, and we have

c059d9—/7 cos 6 df
asm9) b 1 —sin? 6 b

cos 1 1 bx
df = 1d9——9+0——arcsm( )+C
Vcos2 0 b/ b
< dt < dt
127. eve) should converge, since o convergesforn > 1.
1

We calculateitsvalue.

< dt ’ ’ 2
/ 575 = lim 72t = lim —2¢~Y%| = lim (1— —> =1.
4 t b— o0 4 b—o0 4 b—o0 \/l_)
d .
128. / Y e [Inz| 4+ C. (Subgtitute w = In z, dw = £ dx).
rlnzx x
Thus
* dx b dz ’
/ = lim / = lim In|lnz|| = lim In(Ind) — In(In 10).
1o Thnz bt i rlnzT  boo 1o booo

Asb — oo, In(Inb) — oo, so thisdiverges.

129.
Then

/we_w dw = —we™
/

Thetrouble spotisat x = 0, so we write

Thus

we Y dw = lim
b—oo 0

130.

To find/we’“’ dw, integrate by parts, withu = w andv' = e~ *. Thenv' = landv = —e ™.

v +/e_w dw=—we ™™ —e Y +C.

b

However, both these integrals diverge. For example,

1
1 .
gy dr = lim

a—0+ z?t

1
. e . 1 .
Since this limit does not e><|st,/ o dx diverges
0

L= lim —% "

b
we “dw = lim (—we “ —e )| =1.
b—oco
0
0 1
1 1
:/ —4da:+/ — du.
—1 o T
3! 11

3

).

a—0t 3a3

= lim (
a—0t
a

and so the original integral diverges.
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131. Since the value of tan @ is between —1 and 1 on the interval —n/4 < 6 < =/4, our integral is not improper and so
converges. Moreover, since tan 6 isan odd function, we have

3 0 3
/ tan 6 df / tan 6 df +/ tan 6 do
T - 0
4

Ll
4

usy

4
tan(—0) df + / tan 6 do
0

WA .:-I=|

usy

4
tan9d9—+—/ tanfdf = 0.
0

132. Itiseasy to seethat thisintegral converges:

1 1 <1 <1 1
—— <=, adw d —dz==.
4+,22<,227 /2 44 22 z</2 22 z 2

We can also find its exact value.

0o b
1 1
= lim
/2 4+z2dz b—oo [, 4+z2dz

lim | = arctan —
b— o0

)

= lim lMctan— - = arctan 1)
b— o0 2 2

1z ln  «w

=33 721" %

Notethat § < 3.
133. Wefind the exact value:

| * 1
dz = ——dz
/10 22 —4 /10 (z+2)(z—2)

b 1
=l - —  d
oo | GHDGE—2) "

lim & (In |z — 2| — In |z + 2])
b—oo 4

10

L Jim [(n b — 2/ — ln|b+2]) — (In8 — ln 12)]
4 b—oo

1y [(1 b_2)+1 §]
4b3§o “pr2) T

(1n1+1 3/2) = lni/z

15 b
134. Substituting w = ¢ + 5, we see that our integral is just / d\/—ui This will converge, since/ d—f converges for
0 w 0 w
0 < p < 1. Wefind its exact value:

135. Sincesin¢ < ¢ for ¢ > 0,

5 £
d La
/0 sin @ ¢>/0 5%
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136.

137.

138.

139.

140.
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The integral on the right diverges, so the integral on the left must also. Alternatively, we use IV-20 in the integral table to
get

EIE SR L R
/0 sin ¢ = bir&/b sin ¢ ¢
1 cos¢p — 1

lim = ln|<2% "=
b_‘fé‘+2 " cos¢+1

us
2

b
cosb—1

—l lim In
cosb+1

2 p—ot

Asb — 0%, cosb—1—0andcosb+1 — 2, 0In | <204 | — —oo. Thustheintegral diverges.
Let ¢ = 26. Then d¢ = 2 df, and

cos ¢
1 sin¢ 1 b
. sin .
= lim = dp= lim —=lIn|cosd|| .
b (n/2) Jo 2c08¢ bos(n/2) 2 0

Asb — m/2,cos ¢ — 0, S01n | cos ¢p| — —oo. Thustheintegral diverges.
One could aso see this by noting that cosz ~ 7/2 — z and sinz =~ 1 for z close to w/2: therefore, tanz =
1/(5 — =), theintegral of which diverges.
T
z+1

(oo}
The integrand %ﬂ — 1l asxz — oo, S0 there'sno way / dx can converge.
1

This function is difficult to integrate, so instead we try to compare it with some other function. Since i;;if > 0, we see
that [ =29 49 > (. Also, sincesin® 4 < 1,

0 62+1
> sin?4 <1 ’ T
df < ——df =1 tanf| = —.
/0 P+ 1 —/0 S Rt R

Thus | 0°° f;;if df converges, and itsvalue is between O and Z.

/ tan® Adf = tan 6 — # + C, by formula1V-23. Theintegrand blows up at 6 = 5. 90
0

T 3 T
/ tan” Adf = / tan” 0d6 + / tan® #df = lim [tan — 9]’(’) + lim [tan @ — 6]
0 0 z

s
a
I I
b— 3 a— 5

which is undefined.
Since0 <sinzx < 1for0 <z <1, wehave

3
2

(sinz)2 < (sinz)
SO L > L

(sin x)% (sin )
or (sin x)_% > (sinz)™"

1
, which isinfinite.

a

1
sinx tanx

a—0

1
Thus/ (sinz) 'de = lim In
0

Hence, [/ (sinz)~ % de isinfinite.
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Problems
141. Sincethe definition of f isdifferenton0 <t < 1thanitison1 <t < 2, break the definite integral at ¢t = 1.
2 1 2
/ f(t)dt:/ ft)dt+ f(t)dt
0 0 1
1 2

:/ t2dt+/ (2—t)dt
0 1

2 2
+<2t_%>
0

=1/3+1/2=5/6 ~ 0.833

1

t3

1

142.
5
2
) x

INERS

As is evident from the accompanying figure of the graphs of y = sinz and y = cosz, the crossings occur at
., and the regions bounded by any two consecutive crossings have the same area. So picking two

© 57 97w
40 40 40

r =
consecutive crossings, we get an area of
5w
4
Area = / (sinz — cosz)dx
T

=2V2.
(Note that we integrated sin x — cos = here becausefor 7 <z < %’, sinx > cosz.)
143. The point of intersection of the two curvesy = 2? and y = 6 — z isat (2,4). The average height of the shaded areaisthe
average value of the difference between the functions:
2 5 3 (2
1 5 _ T T _ E
144. The average width of the shaded areain the figure below is the average value of the horizontal distance between the two
functions. If we call this horizontal distance h(y), then the average width is
1 6
—_— h(y) dy.
(6 —0) /0 )

We could compute thisintegral if we wanted to, but we don’t need to. We can simply note that the integral (without
the % term) isjust the area of the shaded region; similarly, the integral in Problem 143 is also just the area of the shaded

region. So they are the same. Now we know that our average width is just % as much as the average height, since we

divide by 6 instead of 2. So the answer is .
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145. (@) i. O i. 2 iii. 2
(b) Averagevalue of f(t) < Average value of k(t) < Average value of g(t)
We can look at the three functions in therange —3 < = < 37’“ since they al have periods of 27 (| cost| and
(cos t)? also have aperiod of 7, but that doesn't hurt our calculation). It is clear from the graphs of the three functions
below that the average value for cos t is 0 (since the area above the z-axis is equal to the area below it), while the
average values for the other two are positive (since they are everywhere positive, except where they are 0).

f®) f®)

T
ST
2

|
wly 7
[SE]
<
o~
l —
[SE]
[y —
:‘ —_+
o

Itisalso fairly clear from the graphs that the average value of g(t) is greater than the average value of k(t); itis
also possible to see this algebraically, since
(cost)® = |cost|” < |cost]
because | cost| < 1 (and both of these <’sare <’sat all the points where the functions are not 0 or 1).

146. Since f(z) is decreasing on [a, b], the left-hand Riemann sums are all overestimates and the right-hand sums are all
underestimates. Because increasing the number of subintervals generally brings an approximation closer to the actual
value, LEFT(10) is closer to the actua value (i.e., smaller, since the left sums are overestimates) than LEFT(5), and
analogously for RIGHT(10) and RIGHT(5). Since the graph of f () is concave down, a secant line lies below the curve
and atangent line lies above the curve. Therefore, TRAP is an underestimate and MID is an overestimate. Putting these
observations together, we have

RIGHT(5) < RIGHT(10) < TRAP(10) < Exact value < MID(10) < LEFT(10) < LEFT(5).

147. Let'sassumethat TRAP(10) and TRAP(50) are either both overestimates or both underestimates. Since TRAP (50) is
more accurate, and it is bigger than TRAP(10), both are underestimates. Since TRAP(50) is 25 times more accurate,
we have

I — TRAP(10) = 25(I — TRAP(50)),

where I isthe value of theintegral. Solving for I, we have
_ 25 TRAP(50) — TRAP(10)
24
Thus the error for TRAP(10) is approximately 0.0078.
148. If I(t) is average per capitaincome ¢ years after 1987, then I'(t) = r(t).
(&) Sincet = 8in 1995, by the Fundamental Theorem,

I(8)—1(0) = /Sr(t) dt = /8480(1.024)tdt

= 4228
0

t t
/r(t)dt:/ 480(1.024)" dt
0 0

~480(1.024)" |f
~ In(1.024)
480 ¢
" In(1.024) ((024)" ~1)

= 20,239 ((1.024)" — 1)

I ~ 4.6969

_480(1.024)"
T In(1.024)

S0 I(8) = 26,000 + 4228 = 30,228.
(b)

I(t) — 1(0)

0

Thus, since I(0) = 26,000,
I(t) = 26,000 + 20,239(1.024" — 1) = 20,239(1.024)" + 5761.
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149. (a) Sincetherateisgiven by r(t) = 2te™2* ml/sec, by the Fundamental Theorem of Calculus, the total quantity is given
by the definite integral:

0o b
Total quantity = / 2te 2 dt =2 lim [ te ' dt.
0 b— o0 0
Integration by partswithu = ¢, v = e~ gives

. _ 1 _ b
Total quantity ~~ 2 lim (—Ee *_ e 2t)
b— o0

2 1 0
I N B
_21,15&<4 (2+4)6 )_2 7 =0oml

(b) Attheend of 5 seconds,
5
Quantity received = / 2te %' dt ~ 0.49975 ml.
0

Since 0.49975/0.5 = 0.9995 = 99.95%, the patient has received 99.95% of the dose in the first 5 seconds.
150. Therate at which petroleum isbeing used ¢ years after 1990 is given by

r(t) = 1.4 -10°°(1.02)" jouleslyear.

Between 1990 and M years later

M (1.02)¢ [
Total quantity of petroleum used = 1.4-10%°(1.02)" dt = 1.4-10% ==
; In(1.02) |,
1.4-10% M :
= m((mz) — 1) joules.

Setting the total quantity used equal to 10?2 gives

1.4-10% o 29
22 (102)M —1) =1
In(1.02) ((1.02) ) =10
(Lo = 100ImA-02) 5 4y
14
In(2.41)
M= 222 oy .
In(1.02) 2 years

So we will run out of petroleum in 2035.

CAS Challenge Problems

151. (a) A CASgives

/(1n:m)3 dr — (1nf)4

(b) Looking at the answers to part (a),

(¢) Letw =Inz. Thendw = (1/x)dz, and

n n+1 n+1
/—(lnx) dx:/w"dwzs +C:(lnx) +C.

x
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152. (a) A CASgives

/lna:da: =-—z+zlnhz
/ (Inz)’de = 2¢ — 2zlnz + z(lnz)’
/ (Inz)®dz = =6z + 6zInz — 3z(Inz)*> 4+ z(Inz)*

/ (nz)'dr = 24z — 24z Inz + 12¢(Inz)* — 4z(Inz)® + z(In z)*

(b) In each of the cases in part (a), the expression for the integral f(ln x)" dx has two parts. The first part issimply a
multiple of the expression for [(Inz)"~" dx. For example, [(Inz)” dz startsout with 2z —2zInz = —2 [ Inz dz.
Similarly, [(Inz)? dz starts out with —6z + 6z lnz — 3(Inz)* = =3 [(Inz)*dz, and [(In 2)* dz starts out with
—4 [(Inz)® dz. The remaining part of each antiderivative is a single term: it's z(Inz)” in the case n = 2, it's
z(Inz)® for n = 3, and it'sz(In x)* for n = 4. The general pattern is

/(lna:)" de = —n/(lngc)”*1 de + z(Inz)™.

To check this formula, we use integration by parts. Let u = (Inz)” 0 v’ = n(lnz)" ' /r andv' = 1 s0v = .

Then
/(lnx)” dr = z(Inz)" - /nM -z dz

T

/(lnm)" de = z(lnz)" — n/(lmc)"*1 da.

Thisisthe result we obtained before.
Alternatively, we can check our result by differentiation:

ccll_m (—n/(ln )" dz + z(In a:)") = —n(lnz)"" " + %(x(ln z)")

= —n(nz)" '+ (Inz)" + 2 - n(ln x)"fll

8

= —n(nz)" '+ (nz)" +n(nz)" ' = (nz)".
Therefore,
/(lna:)" dr = —n/(lnmc)n_1 dz + z(lnzx)".

153. (a) A possible answer from the CASis

/sin?’xda: _ 9 cos(x)lg- cos(3 1‘)

(b) Differentiating

d (—9 cos(z) + cos(3 m)) _ 9sin(x) —3sin(3x)  3sinx —sin(3x)
dx 12 12 4 '
(c) Using theidentities, we get
sin(3z) = sin(z + 2z) = sinx cos 2z + cos z sin 2z
= sinz(1 — 2sin” ) 4 cos z(2sin z cos x)
=sinz — 2sin® z + 2sinz(1 — sin” )
= 3sinz — 4sin® .

Thus,
3sinz —sin(3z) = 3sinz — (3sinz — 4sin® z) = 4sin’® z,

3sinx — sin(3x) .3
— =S
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154. (a) A possible answer is
/ sin z cos x cos(2z) dex = ————=

Different systems may give the answer in a different form.
(b)
d ([ cos(4z)\ _ sin(4z)
dx 16 4
(c) Using the double angle formulasin 24 = 2sin A cos A twice, we get

sin(4x)  2sin(2x)cos(2x) 2 - 2sinx cos x cos(2x)

=si 2x).
4 1 1 sin z cos z cos(2x)

155. (a) A possible answer from the CASis

4
x T 3
/m dr=ot iy g el

Different systems may give the answer in different form.
(b) Differentiating gives

LE x+$—§arctan(x) =1-— z’ 1
dx 2 (1+22) 2 T A +e2)? 14a2?

(c) Putting the result of part (b) over acommon denominator, we get

. 22 1 (1+$2)2—x2—(1+$2)
(1+2%)° 1+a? (1+a22)?
_1+2a:2+a:4—a:2—1—a:2_ z*
(1+ 22)2 (14 22)2°

CHECK YOUR UNDERSTANDING

1. Fase. The subdivision size Az = (1/10)(6 — 2) = 4/10.
2. True, since Az = (6 — 2)/n = 4/n.

3. False. If f isdecreasing, then on each subinterval the value of f(x) at the left endpoint islarger than the value at the right
endpoint, which meansthat LEFT(n) >RIGHT(n) for any n.

4. Fase. Asn approaches infinity, LEFT (n) approaches the value of the integral f 26 f(z)dz, which is generally not 0.
5. True. We have

LEFT(n) — RIGHT(n) = (f(zo) + f(z1) + - + f(zn—1))Az — (f(z1) + f(22) + -+ + f(an))Az.
On theright side of the equation, all terms cancel except the first and last, so:
LEFT(n) — RIGHT(n) = (f(zo) — f(xzn))Az = (f(2) — f(6))Az.

Thisisalso discussed in Section 5.1.

6. True. Thisfollowsfrom thefact that Ax = (6 — 2)/n = 4/n.

7. Fase. Since LEFT(n) — RIGHT(n) = (f(2) — f(6)) Az, we have LEFT(n) = RIGHT(n) for any function such that
f(2) = f(6). Such afunction, for example f(z) = (x — 4)?, need not be a constant function.

8. False. Although TRAP(n) isusually abetter estimate, it is not dways better. If £(2) = £(6), then LEFT(n) = RIGHT(n)
and hence TRAP(n) = LEFT(n) = RIGHT(n), soin this case TRAP(n) is no better.
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9.

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.
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Fase. Thisistrueif f isanincreasing function or if f isadecreasing function, but it is not true in general. For example,
suppose that f(2) = f(6). Then LEFT(n) = RIGHT(n) for al n, which meansthat if f; f(z)dx liesbetween LEFT(n)
and RIGHT (n), then it must equal LEFT(n), which is not always the case.

For example, if f(z) = (z —4)? andn = 1, then f(2) = f(6) =4, s0

LEFT(1) = RIGHT(1) = 4- (6 — 2) = 16.

6 3|6 3 3
—4) 2 2 16
_)ldp = @ A P
/2(x ) de 3 |, 3 3 3

In this example, since LEFT(n) = RIGHT(n), we have TRAP(n) = LEFT(n). However trapezoids overestimate the
area, since the graph of f isconcave up. Thisisalso discussed in Section 7.5.

True. Let w = f(z), so dw = f'(z) dz, then

However

/f'(x)cos(f(x))dx:/coswdw=sinw+C=sin(f(x))+C.

False. Differentiating gives
d 1 y
7 mlf @)= @ f(2),

Sso, in general
1

True. Letw = 5 — ¢2, then dw = —2t dt.

True. Rewrite sin” § = sinfsin®# = sin#(1 — cos? #)>. Expanding, substituting w = cos#, dw = —sin#df, and
integrating gives a polynomial in w, which isapolynomial in cos 6.

False. Completing the square gives

/dim /dim = arctan(z + 2) + C.

22+4z+5 | (@+2)2+1

False. Factoring gives

dx dz 1 1 1 1
/m2+4m—5_/(m+5)(1‘—1)_6/(1‘—1_1‘—1-5) dx—g(ln|m—1|—ln|m+5|)+0.

True. Letw = Inz,dw = z~ " dz. Then

/x_l((lnx)z—l—(lna:)?’)da:: /(w2+w3)dw= 3 +T +C= 3 + 1 +C.

True. Let u = ¢,0" = sin(5 — ¢), 04 = 1,v = cos(5 — t). Then the integral [ 1 - cos(5 — t) dt can be done by
guess-and-check or by substitutingw = 5 — ¢.

b a b
lim / f(z)dx :/ f(z)dz + lim / f(z)dz,
b—oo 0 0 b— oo a

the limit on the left side of the equation is finite exactly when the limit on the right side is finite. Thus, if f0°° f(z)dx
converges, then so does [ f(z)dz.

True. Since

diverges.

True. Suppose that f has period p. Then [ f(z)dz, fpzp f(z)dz, ;;p f(z)dz,...are al equal. If we let k =
J3 f(z)dz, then [ f(z)dz = nk, for any positive integer n. Since f(z) is positive, so is k. Thus as n approaches
oo, thevalue of [ f(x)dx = nk approaches co. That means that limy, o [; 0” f(z)dz isnot finite; that is, the integral
diverges.
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21.

22.

23.

24.
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26.

27.
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Fase. Let f(z) =1/(xz + 1). Then

oo b
/ L dr= lim In|z+1|| = lim In(b+ 1),
0 z+1 b— oo 0 b— oo
but limj_, o In(b + 1) does not exist.
False. Let f(z) = « + 1. Then
/ dr= lim In|z+1|| = lim In(b+ 1),
0 z+1 b— oo 0 b— oo

but lim—, o In(b + 1) does not exist.
True. By properties of integrals and limits,

b— oo 0

b b b

lim (f(z) + g(x))dx = lim / f(z)dz + lim / g(z)dz.
b—oco 0 b— oo 0

Sincethetwo limitson theright side of the equation arefinite, thelimit on theleft sideisalsofinite, that is,f0°° (f(z) + g(x))dx
converges.
False. For example, let f(z) = z and g(z) = —=z. Then f(z) + g(z) = 0, 0 f0°°(f(x) + g(z)) dz converges, even
though [ f(z) dx and [ g(z) dz diverge.
True. By properties of integrals and limits,

b b
lim af(z)dr =a lim f(z)dz.
b—o0 0 b— oo 0
Thus, the limit on the left of the equation is finite exactly when the limit on the right side of the equation is finite. Thus
J5 af(x)dx convergesif [ f(z) dx converges.

True. Make the substitution w = ax. Then dw = a dz, so

/0 fasyas = 1 / " fw) du,

where ¢ = ab. As b approaches infinity, so does ¢, since a is constant. Thus the limit of the left side of the equation asb
approaches infinity is finite exactly when the limit of the right side of the equation as ¢ approaches infinity is finite. That
is, [ f(ax) dz converges exactly when [ f(x) du converges.

True. Make the substitution w = a + z, S0 dw = dz. Thenw = awhenz = 0,andw = a +bwhenz = b, S0

/Obf(aﬂs)da::/ab+af(w)dw=/:f(w)dw

where ¢ = b+ a. Asb approaches infinity, so does ¢, since a is constant. Thus the limit of the |left side of the equation asb
approaches infinity is finite exactly when the limit of the right side of the equation as ¢ approaches infinity isfinite. Since
I3 f(x) dx converges, we know that lime—.o [ f(w) dw isfinite, solim. o0 [ f(w) dw isfinite for any positive a.

Thus, [ f(a + z) dz converges.
b b b
/ (a—i—f(m))dm:/ adx—f-/ f(z)dz.
0 0 0

False. We have

Since f 0°° f(z) dz converges, the second integral on the right side of the equation has afinitelimit asb approachesinfinity.
But the first integral on the right side has an infinite limit as b approaches infinity, since a # 0. Thus the right side all
together has an infinite limit, which meansthat | 0°° (a + f(z)) dz diverges.
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1. (@) Ifet > 1+t then

e””zl—l—/ et dt
0

x
1
21+/ (1+t)dt:1+x+§x2.
0
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We can keep going with thisidea. Sincee’ > 1 +t + 12,

e’”:l—f-/ el dt
0

I 1 1 1
21+/ (14+t+t)dt =1+x+ -2° + ~2°.
o 2 2 6

We notice that each term in our summation is of the form fl—", Furthermore, we see that if we have a sum
l1+2+% +---+ 2 suchthat

2 n
em21+x+%+~-~+m—

n!’
x
emzl—f-/ et dt
0

T t2 $n
>1+ I+t+ 5+ +—=|dt
0 2 n!

.,L.Q .'If3 1.n+1
-1 Lot )
R T A PR §

then

Thus we can continue this process as far as we want, so
n

1 1 J
e””21+a:+—;r2+---+—a:”:Zm,—foranyn.
2 n! j_oj!

(Infact, it turns out that if you let n get larger and larger and keep adding up terms, your values approach
exactly e*.)

xr xr
(b) We notethat sinz = / costdtandcosx =1 — / sint dt. Thus, sincecost < 1, we have
0 0

x
sinmﬁ/ 1dt = z.
0

Now using sint < t, we have
”” 1
cosasgl—/ tdt =1— =z2.
0 2

Then wejust keep going:
”” 1 1
sin:ng/ 1— =) dt =2 — =2>.
o 2 6
Therefore
cosz < 1 /z PRV R T B S
= o 6 T Tt Tyt
2. (@ (i) 1
/ sin(t)
t
S e~ t
-3 —2'71'\/—'71' Mw 3
—14+

(i) Si(x) neither always decreases nor always increases, since its derivative, » ! sin x, has both positive
and negative values for x > 0. For positive z, Si(z) is the area under the curve % and above the
t-axisfromt¢ = 0 tot = x, minusthe area above the curve and below the ¢-axis. Looking at the graph
above, one can see that this difference of areas is going to always be positive.



(iii)

b
()(i)

© @
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It seemsthat the limit exists: the curve drawn in the slope field,
y = Si(z) = / sint dt,
o ¢

seems to approach some limiting height as z — oo. (In fact, the limiting height is7/2.)

y (i) .
15 50 - F(m)z/ " dt
0
40
30
20 y = xsinx
10 F /
/ / | L x
5 10 15 20
(DN F(z) :/ peint gy
0
40
30 [
20 -
10 F
[ [ | | T

The most obvious feature of the graph of y = sin(x2) is its symmetry about the y-axis. This means
the function g(z) = sin(2?2) is an even function, i.e. for al z, we have g(z) = g(—=z). Since
sin(2?) is even, its antiderivative ' must be odd, that is F(—z) = —F(—x). To seethis, set F(t) =
f(f sin(z?) dz, then

—t 0 t
F(-t)= / sin(z?) dr = —/ sin(z?) dr = —/ sin(z?) dr = —F(t),
0 —t 0
since the areafrom —t to 0 isthe sasme asthe areafrom Oto ¢. Thus F'(¢t) = —F(—t) and F' is odd.
The second obviousfeature of the graph of y = sin(z 2) isthat it oscillates between —1 and 1 with
a“period” which goes to zero as |z| increases. Thisimplies that F'/(z) aternates between intervals
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(i)

where it is positive or negative, and increasing or decreasing, with frequency growing arbitrarily
large as |x| increases. Thus F'(x) itself similarly alternates between intervalswhereit isincreasing or
decreasing, and concave up or concave down.

Finaly, since y = sin(z?) = F'(z) passes through (0, 0), and F(0) = 0, F is tangent to the
z-axis at the origin.

F(x)

Figure 7.22

F never crossesthe z-axisintheregionz > 0, and lim F'(z) exists. One way to see these facts
T—r00
isto note that by the Construction Theorem,

F(z) = F(z) - F(0) = /0 " F)dt.

So F(z) is just the area between the curve y = sin(¢?) and the t-axis for 0 < ¢ < z (with area
above the t-axis counting positively, and area below the ¢-axis counting negatively). Now looking at
the graph of curve, we see that this area will include alternating pieces above and below the t-axis.
We can also see that the area of these piecesis approaching 0 as we go further out. So we add a piece,
take a piece away, add another piece, take another piece away, and so on.

It turns out that this means that the sums of the pieces converge. To see this, think of walking
from point A to point B. If you walk aimost to B, then go a smaller distance toward A, then a yet
smaller distance back toward B, and so on, you will eventually approach some point between A and
B. So we can see that wle F(z) exists. Also, since we aways subtract a smaller piece than we just

added, and thefirst piece igo added instead of subtracted, we see that we never get a negative sum; thus
F(x) isnever negativein theregion z > 0, S0 F'(x) never crosses the z-axis there.



