Problem 1.31 Check the fundamental theorem for gradients, using T = x2 + dxy + 2y, the

points a = (0,0, 0), b= (1, 1, 1), and the three paths in Fig. 1.28:

(@(0,0,0) — (1,0,0) — (1, 1,00 — (L. 1, I);
) (0,0,0) > (0,0, 1) - (0, 1, ) = (1,1, 1)
(c) the parabolic path z = x2; y = x.

Figure 1.28

134 The Fundamental Theorem for Divergences

The fundamental theorem for divergences states that:

f(V°V)dt=¥V-da.
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(1.56)

In honor, I suppose of its great importance, this theorem has at least three special names:

Gauss’s theorem, Green’s theorem, or, simply, the divergence theorem. Like the other
“fiindamental thaareme ?? it cave that the fnfearal aof a Aerivative {1n thice cace the Afveroonrs)



clockwise.) Since x = 0 for this suiaee,

1 pi
(Vxv)-da= 4 dydz = 3.
o Jo

Now, what about the line integral? We must break this up into four segments:
) x=0, z=0, v-dl=3y2dy, [v-di=f3idy=1,
() x=0, y=1, v-di=dddz, [v.-di=fjs2dz=4,
. . _ 2 0 2
@) x=0 z=1, v-dl=3dy, [v-dl=[]3%dy=-1,

Gv) x=0, y=0, v-dl=0, fv-d1=[Podz=0.
So
fv.d|=1+§a1+o=§.
It checks.

A point of strategy: notice how I handled step (iii), There is atemptationtowritedi = —dy §
here, since the path goes to the left. You can get away with this, if you insist, by running the
integral from 0 — 1. Personally, I prefer to say dl = dx X + dy ¥ + dzZ always {never any
minus signs) and let the limits of the integral take care of the direction.

Problem 1.33 Test Stokes’ theorem for the function v = (xy) X+ (2y2) § + (3zx) £, using the
trianguiar shaded area of Fig. 1.34.

Problem 1.34 Check Corollary 1 by using the same function and boundary line as in Ex. 1.11,
but integrating over the five sides of the cube in Fig. 1.35. The back of the cobe is open.
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