Physical Systems Final — EM & QM — Spring, Tues.29.May 2007 — TESC - EJZ

This is a take-home exam. You may use your notes, texts, and tables of integrals.
Each section is designed to take 2 hours; please limit yourself to 4 hours per section.

SHOW YOUR WORK neatly, and include units where appropriate, to receive full credit.
Use the back of the page if you need more space.

If you add extra pages, please staple them in, in order. Please, no scratch pages.

Please [circld or underline your answers for clarity.

Express answers in simplest exact form whenever possible.

Order-of-magnitude estimates are usually fine for numerical problems.

(please sign legibly) %ZZ}’ - c_QOé W/WI

I affirm that I have worked this exam using only my notes (including homework), texts, and
table of integrals as resources — no calculators, computers, or other outside resources. -

Electromagnetism: Please note the time you spent on this section: hours
1. Maxwell equations and fundamental theorems /22
2. Application (Faraday) /10
3. Waves and Poynting vector / l?f
4. Relativity /16
5. Reflection /8
Total = #O
Quantum Mechanics: Please note the time you spent on this section: hours
i5
1. Particle in a box /26
2%
2. () and expectation values /18
3. Application (energy levels) 1%
4. Short answers /20
Total =70
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ELECTROMAGNETISM
EM 1. (a) Write each Maxwell equation (there are four) in (22 pts)

(1) integral and (ii) differential form, with a (iii) clearly labeled diagram.
( 1(6) (iv) For each equation, describe the causal relations (e.g. charge causes magnetic field?)
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(b) Derive the differential form of Gauss’ law from the integral form, using the divergence
4 }) theorem. Show your steps and define all terms.
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( '5) (¢) Derive the dlfferentlal form of Ampere’s law from the integral form, using the curl
theorem. Show your steps and define all terms.
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EM 2 — Application. A magnetohydrodynamic generator may consist of a rectangular channel
within which flows a hot ionized gas, or plasma. Place the channel in a strong uniform
magnetic field oriented as drawn below. (10 pts)
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( =) (a) Consider the forces on the charged particles in the plasma. Electrons and ions can move
relatively independently. Draw where the positive and negative particles will tend to move.

(%) (b) Derive an expression for the electromotive force induced between opposite sides of the
stream of plasma.

(‘3) (c) Find the magnitude of the emf if the width of the channel is 50 cm, the speed of the
plasma is 800 m/s, and the strength of the magnetic field is 6 Tesla. (That’s a strong field!)
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{7 ) (d) In which direction will current flow through a resistor connected as shown? M
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MHD generators coulld serve as auxiliary generators in power plants burning fossil fuel. The MHD generator
could use the exhaust gas released by the burning fuel as plasma. For this purpose, the fuel must be burned in a
special high combustion chamber, similar to that of a jet engine, so as to produce a high-speed stream of very hot

exhaust gas. After the hot gas emerges from the MHD penerator, it could also supply heat to a boiler, providing
steam for a conventional power generator,

Optional challenge question: What questions would you ask to determine whether this scheme
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(2)

(g) Show that this is the same as the(Ohmic power. Jk /ﬂ“ R
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EM 3 — Waves. Consider a simple coaxial waveguide. Assume that an electromagnetic wave

propagates in the z direction, in the annular region between the two coaxial conductors, and (. /y /)47 )
there is zero field outside. Neglect any resistance of the conductors and assume a vacuum

between them (though in practice there would be a dielectric).

As in a cylindrical capacitor, E is radial and inversely
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proportional to the radius. Since we have a wave, E = ——e[ 4 ),
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where K is a constant. Let E pointing outward be positive.
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(a) Recall the fundamental relationship between an electric field E and potential V. £ =

(b) Show that the voltage of the inner conductor with respect to the outer one is \ / K dr
2xz
V=KIn—* L { )

1
{c¢) Recall the simplest relationship between E and B in an clectromagnetic plane wave. /

Use it to find B ecasily. Draw B on the diagram.
1

4

(d) Calculate the current / on the inner conductor (hint: Ampere’s law). Draw its direction,
and describe it. (An equal current flows in the opposite direction along the outer conductor.)

(e) Calculate the Poynting vector, and indicate its direction.

(f) Integrate the Poynting vector over the annular region to calculate the time-averaged
transmitted power.
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EM 4 — Relativity — short questions (16 pts)

wme®
(4 ) (a) If a particle’s kinetic energy is » times its rest energy, what 1s its speed? Gr s A2, 2J /) 5H
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( G > (b) A neutral pion of rest mass m and (relativistic) momentum p :% mc decays into two CrFGH, 12, 33
. . . N .. . 515
photons. One of the photons is emitted in the same direction as the original pion, and the other r

in the opposite direction. Find the (relativistic) energy of each pion.
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( & ) (c) Describe how electromagnetic fields transform relativistically, and how this accounts
for the funny shape of the electric field of a very fast charge. Draw E and explain.
Comment on B,
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QUANTUM MECHANICS

QM 1. Particle in a 1D box: (15~ pls)
Consider a particle of mass » in an infinite square well of width L (from 0<x<L).
The potential inside the box vanishes, and the potential outside the box is infinity.

( ‘l/) (a) What wavelengths fit inside the box? Draw and label appropriate diagrams for the
potential, and use them to derive the quantization condition A, =
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( l) (b) What is the deBroglie relationship between momentum and wavelength? p(4)= Wk = .%

( 2)  (c) Use this to ﬁnd the quantization condition on momentum p, = _l‘ L= )
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( l) {e) Find the relationship between energy and momentum for the particle: E(p) = _/ﬂ,’i
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QM 2. Time evolution and expectation values: (18 pts) Cllosive i an @l/l Q, 3 *6'/. Vs

Consider a particle of mass m in an infinite square-well potential of width L.

Its wavefunction at t=0 is w(x,0) = ([ sin2ﬁ+\/§ inT} (ﬁe (-I/ (k) + 98 ‘f O‘)

L
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(1.7 (b) What is the energy associated with each eigenfunction in the mixed state? g.oqe
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( 7/) (c) What will be the wavefunction at a later time 7 > il ? 7, =%

(4 } (d) What is the probability that a measurement of the energy at a time ¢ will yield the value
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(s ) (¢) What is the expectation value of x at time 7 /x & =

(s ) (f) What is the expectation value of p at time ? <’P> . lele _f:r_ Cin set /
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( Z) (g) What is the frequency of oscillation of the waveﬁmctlon'?
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QM 3. Application: Imagine that an electron is confined in a one-dimensional box with a

width of 3A (roughly the size of an atom). ({3 pts) o

L= e (973 VA

(—5) (a) Calculate the three lowest allowed values of the electron energy. 2 _ /t(e y
/ Express your answers in eV. W,c”= 5 /

he = 240 el nu

(b) Suppose that the electron can be excited from a lower to a higher energy state by
(3) absorption of an incident photon (as in an atom). What would be the wavelength of light
needed to excite it from the ground state to the highest energy level computed in (a)?

(c) What would be the possible wavelengths of light that could be emitted by the electron
( 3) following the excitation described in (b)? :

(d) Draw an energy level diagram including the energies and transition wavelengths, to
( b ) summarize your results.

(‘L /) () Optional challenge question: Describe how this would change in the presence of an

external magnetic field. .
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QM 4: Short answer questions: (20 pts) &'[JD{’ ot Lot Erasr )

( A ) (a) Is it possible to find a basis in which the matrices A and B below are both diagonal?

If so, show how. F,h, ”'C %u, ; okt it e,

R LI DR ey

(b) What would it mean physically if Hermitian A and B were simultaneously diagonalizable? Cﬁ/'ﬂj’/’%ﬂ%
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('Z«) (¢) If an operator C commutes with the Hamiltonian H of a system, then <C> is conserved in
time for that system. Explain what that means, and why it’s so.
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(QM 4: Short answer questions continued ...)
(L{ ) (d) Consider three indistinguishable particles of mass m in a one-dimensional box potential

2_2
of width 4. If the total energy of the system is £, = %—hiz , are the particles bosons,
ma

fermions, or can’t one tell? |
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(e) The state of a particle in the position basis is given by y(r) = Ae sin dcosg .

(1) Expand the state yq7) in the angular momentum eigenstates (hint: use Euler’s relation).
(1)) What are the quantum numbers £ and m?
(iii) What are the possible results if we measure L,? If we measure L>?
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