Hartle Solutions week 8 chapter 7

Problem7.2

[image: image1.png]7-2. The following line element corresponds to flat spacetime
ds® = —dt’ + 2z dt + dy® + d2° .

Find a coordinate transformation which puts the line element in the usual flat
space form (7.1).

Solution: Its hard to give a general prescription for solving this kind of
problem. Guesswork and trial and error are the main methods. We, therefore,
present some solutions without trying to explain exactly how they were arrived

at.
ds? = —dt® + 2dz dt + dy® + d2?

The transformation

bt ST ppm sy ain =g
leads to

— (dt' + dz')® + 2dz’ (dt' + dz') + dy”? + d2”?
— (d)” + (dz')" + (dy')” + (d7)"

which is the standard form of the flat space line element.

ds?




[image: image2.png]7-11. [S] For the warp drive spacetime in Example 4 show that, at every point
along the curve z4(t), the four-velocity of the ship lies inside the forward light

cone.

Solution: Assume V, > 0. The slopes of the two curves defining the light
cone in the t — x plane are given in (7.26). On the world line of the ship r; =0
and f = 1. The slopes of the two light rays are V; £ 1. Since

Vi—1<Vy<Vi+1

the velocity of the ship lies between them. That means the four- Veloc1ty is
inside the forward light cone.




problem7.13[image: image3.png]Solution:



[image: image4.png]Evaluated on the world line z*(7), all functions become functions of 7. For

example
da®  Oa® dz?  da”

- e v
dr orY dr ox" v
Thus
d 0908 0,5 4 0a® | 5 , Obf y
7 (a-b) = e a®t’u” + gop e u'’ + gap @ s u?.

The only possible difficulty with this problem is keeping the indices straight.
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where £ is as above.

d)
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problem7.18
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[image: image8.png]Making the same substitution as above,
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[image: image9.png]7-20. (Make the cover.) Consider the two dimensional geometry which has

the line element:
i r2dg?
 (1-2M/r) '
Find a two-dimensional surface in three-dimensional flat space which has
the same intrinsic geometry as this slice. Sketch a picture of your surface.
[Comment: This is a slice of the Schwarzschild black hole geometry to be

discussed in Chapter 12. It is also the surface on the cover of this book.]

Solution: It’s clear that the surface must be symmetric about an axis corresponding
to the symmetry in ¢. Therefore, write the flat space metric in cylindrical

coordinates (p, 1, z) as
dS? = dp? + p?dy® + dz2* .

An axisymmetric surface can be specified by giving its height z(p) above the
(z,y) or (p,) plane. The induced metric on the surface is

This will match up with the given geometry

et
az? = (1- 24-) dr? + r2dg? .

provided p is identified with r, ¢ with 1, and

dz\’ oM\
= el |1~=—F] ,
dp p

This is easily integrated to give

z(p) = 2y/2M(p — 2M) .

The figures below illustrate z(r) which is rotated about the z-axis to give the
surface itself:
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Comment: The two-dimensional geometry given is a slice of the Schwarzschild
geometry of a black hole to be studied in Chapter 12. It represents half of
a Schwarzschild throat, a wormhole bridge between two asymptotically flat

regions as will be described in Box 12.4.




