
Methods of Mathematical Physics Non-Linear Dynamics Test 1

Part I
Please answer all the questions. You have 40 minutes. You may refer to one sheet of notes.

1. Draw sketches of bifurcation diagrams showing

(a) a subcritical pitchfork bifurcation.

(b) a transcritical bifurcation.

(c) a catastrophe.

2. The following graph shows ẋ vs x for the dynamical system

ẋ = f(x)
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(a) On the graph sketch the phase line for the dynamical system, identify all fixed points x∗

and indicate their stability.



(b) Sketch the bifurcation diagram for the dynamical system.

ẋ = f(x) + c

showing the critical values of c and the types of bifurcations that occur.

3. For the following dynamical system sketch all the qualitatively different phase lines for different
values of a. Find the critical value of a at which a bifurcation occurs, sketch the bifurcation
diagram and indicate its type.

ẋ = 1 + ax− cosh(x)



Methods of Mathematical Physics Non-Linear Dynamics Test 1

Part II: Take Home Test
This test is due on Monday, January 26th at 9:00 am. You may refer to your notes and textbooks,
but you must not consult with other people.

1. (a) Show that the following dynamical system

u̇ = A−Bu− Ce−ku

where A,B, C and k are all positive, can be expressed in the dimensionless form

dx

dτ
= a− bx− e−x

where τ , x, a and b should be defined.

(b) Show that when b = 1 there there are two fixed points if a > ac, where the bifurcation
point ac is to be determined. Sketch the bifurcation diagram of x∗ vs a, clearly showing
the stability of the fixed points.

(c) Similarly, sketch bifurcation diagrams of x∗ vs a for the two separate cases b < 1 and
b > 1. On your diagrams indicate the value of a for which x∗ = 0.

(d) Find the expression for ac as a function of b and hence sketch the stability diagram for
this system showing the number of fixed points in each region.

2. The following differential equation describes the dynamics of a point on a circle

θ̇ = 1− µ cos2 θ ,

where µ > 0.

(a) Sketch the phase portrait on the circle for the three cases µ = 1, µ > 1 and µ < 1,
showing all fixed points and indicating their stability.

(b) For which of these cases is there a periodic solution?

(c) For the case with the periodic solution, for which values of θ is there a bottleneck?


