
Methods of Mathematical Physics General Relativity Test I

Take home test. You may use your notes and textbooks, but do consult with others.

1. (a) A plane flies at a constant height h. What should its speed be so than an observer on the

ground sees the plane’s clock tick at the same speed as a clock on the ground? (Assume

gravitational potential φ = mgh.)

(b) A rocket moves vertically up to a height h at constant speed and then immediately returns
back down at the same speed. How fast should it travel so observers on the rocket and
observers on the ground agree about how much time has passed? (Assume gravitational

potential φ = mgh.)

2. A metric is given by

ds2 =
1

1− r2
dr2 + r2dθ2 + r2 sin2 θdφ2

.

(a) Find the circumference and radius of an r = a and θ = π/2 circle.

(b) Describe the geometry of a constant r = a slice of this space.

(c) Write down the two dimensional line element for the θ = π/2 slice of the space.

(d) Find an embedding of this surface in 3D flat space with line element in cylindrical coor-

dinates dΣ2 = dρ2 + ρ2dφ2 + dz2. That is, find z = z(r) and ρ = ρ(r) so that this line

element reduces to the line element in part (c).

(e) Sketch the surface in part (d), and hence describe the geometry of the full space.

3. A 2D surface is described by the line element

ds2 = dr2 +
r2

1− a2r2
dφ2

(a) Find the two geodesic equations for this surface, but do not solve them.

(b) Use the first integrals corresponding to ~ξ ·~u = constant = k and ~u·~u = 1 to find expressions

for
dr

ds
and

dφ

ds
in terms of k, a and r.

(c) Find an expression for r = r(s) assuming that when s = 0, r = R, φ = 0 and
dr

ds
= 0.

4. The following line element describes the possible spacetime geometry inside a rotating cylinder
of gas.

ds2 = −dt2 + 2ωrdtdφ + e−2ωr(dr2 + dz2) + r2(1− ω2r2)dφ2

(a) Write the metric gαβ in matrix form, using the coordinate ordering convention (t, r, φ, z).

(b) Find three Killing vectors for this metric, and hence write down expressions for three
conserved quantities.

(c) Find an expression for the null light cones for a constant z constant φ slice, and sketch
these on a t, r plane.


