Mathematical Origins of Life Gene Frequency

1. In humans, sex is determined genetically . (In other animals this is not necessarily true).
Females have two X chromosomes and males have one X from their mother and one Y from
their father. A gene that appears on the X, but not on the Y is said to be X-linked. Color
blindness is cause by a recessive allele of an X-linked gene. Let’s called the the allele for color
blindness X¢ and the natural (and in this case dominant) allele X*. A female carrier of the

gene is one who is heterozygous XX ™.

(a) When a female carrier is crossed with a color blind male, what phenotypes are possible,
and in what proportions?

(b) When a female carrier is crossed with a normal male, what phenotypes are possible, and
in what proportions?

(c¢) If 1 in 20 males are color blind, what proportion of females are color blind? What
proportion are carriers?

2. Show that a population is in Hardy-Weinberg equilibrium with respect to a locus with two
alleles if and only if Q% = 4PR where P, Q and R are the usual phenotype frequencies.



3. In Positive Assortment mating, individuals mate more frequently with those of the same
genotype. As an extreme case assume that each genotype only mates with its own types.
That is AA only mates with AA, Aa only mates with Aa, and aa only mates with aa. Let
P, Q; and R; be the relative frequencies of AA, Aa, and aa, respectively.

(a) What genotypes result from the mating of Aa and Aa and in what proportions?

(b) Write down the difference equations for the relative frequencies P;, Q; and R;.

(c) Solve the equation for @; as a function of time. What happens to Q; as t — infty?

(d) The above difference equations indicate that the genotype frequencies change over time.
Use these equations to show that that the relative frequency of Allele A is constant (use
the fact that p, = P, + % Q).

(e) Solve the difference equations in part (b) for P, Q; and R; in terms of Py and Qg. (Hint:
Solve for @), first and then use the fact that p;, = P, + % (Q);=constant, to solve for P;.)



(f) What happens to the distribution of the genotypes over time?

4. Often times an allele A is neither completely dominant nor completely recessive, and the
heterozygotes may be of intermediate fitness between the two homozgyotes. Suppose wa4 =
1+2s, wy, =14+ s and w,, = 1.

(a) Show that
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(b) Find the equilibria for this model and specify their stability.

(¢) Show that under weak selection the model corresponds to logistic growth. Specify the
intrinsic growth rate and the carrying capacity.



